Section 3.1
Functions
The concept of a function is of critical importance in the study of advanced mathematics. In the
sciences, functions are used to understand the cause/effect relationships underlying natural
phenomena. How does aerobic capacity change depending on age? How is Body Mass Index
affected by height? How does the amount of intracellular calcium affect the release of a
chemical neurotransmitter? Researchers try to answer these kinds of questions by expressing
each relationship mathematically.

Example 1: Sociologists have found that crime rates are influenced by temperature. The
following data was gathered in a midwestern town of 100,000 people. C is the number of crimes
per month and T is the average monthly temperature in degrees Fahrenheit.

T
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This is an example of a function. It shows the relationship between 2 quantities (in this case
average temperature and number of crimes). Since we want to see how crime depends on
temperature we call C the dependent variable. We call T the independent variable. The set of
all values of the independent variable is called the domain and the set of all values of the
dependent variable is called the range.

Domain =

Range =

The arrow diagram in the example is just one way of displaying the data. The same information
can be organized as:


A set of ordered pairs:



A table:



50,110 ,  60,100 , 70,110  , 80,140 
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Since these are all just different ways of showing the same data, they represent the same
function. We now look for a formula that connects the data. If we can find one, it may help us
predict the crime rates for other temperatures. Or, it might help us find the temperature that will
result in the lowest crime rate. Finding a formula that fits a set of data is a branch of
mathematics called modeling.

Here is a formula that fits the data: C 

1
(T  60)2  100
10

We can check it by substituting each value for T into the formula and finding the corresponding
value of C.
For T  50 :

For T  60 :

For T  70 :

For T  80 :

Now that we have checked the formula, we can incorporate it into the original illustration of the
function.
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This illustration can help you to remember that there are three important parts to every function:
the domain, the range, and the formula that connects these two sets of numbers. Note that a
function may be defined using only the data, but for this course we will work primarily with
functions given as formulas. It may also be helpful to think of the numbers in the domain as
input values and the numbers in the range as output values. Input values are substituted for the
independent variable in the formula. Output values are the corresponding answer for each input.
Let us now look at the mathematical definition of a function:

Definition: A function is a rule that assigns to each element x in one set (called the
_______________) one and only one number y in a second set (called the _________________).

Note that we can use any variables for values of the domain and range, however we will use x for
domain values and y for range values whenever the function has no context. When the function
has context we may use variables that remind us of the quantities they represent.

Function Notation: When a function has no context we will usually give the function a name,
most commonly f, g, or h. We use the notation f ( x) (read "f of x") to indicate the rule for the
function applied to a number x. f ( x) represents the (y) value of the function for a given value
of x. For example, f (1) represents the y-value associated with an x value of 1.

Example 2: Let f ( x)  5x2  4 x  2
a. Find f (1) .

b. What does f (1) represent?

c. Use your answer for f (1) to find a point on the graph of f.

d. Find f (0) .

e. Find f (r ) .

f. Find f ( x  h) .

*g. Find the "difference quotient",

f ( x  h)  f ( x )
.
h

(* indicates that this example is an "essential skill" and should be given special attention)

Until now, we have ignored an important part of the definition of a function. This is the part that
states that a function assigns to each x one and only one y. Any set of data, graph, or formula
involving two variables is a mathematical relation. But only relations that satisfy this "one and
only one" requirement are functions.

Example 3: Which of the following relations are functions?
a.

 2,7  , 3,8 ,  4, 1 , 5,0

b.

 1,3 ,  2, 1 ,  4, 2 ,  1,5

c.

1
2
5
3
4

d. 2 x  y  3

e. 2 x  y 2  3

Before we continue our discussion of functions we need to learn the different kinds of notation
for writing number sets. We will use these notations for writing many of our answers throughout
the course.

Number Sets: A set of numbers can be written in several different way. The set can be
described in words, it can be illustrated using a number line graph, it can be described using
set-builder notation, or it can be given using interval notation.

Example 4: Each number set is given in one of the four ways described above. Write it in the
remaining three ways.
a. In words: The set of all real numbers between 2 and 1 (including 2 but not including 1).

b. Set-builder notation:

c. Interval notation:

x x  3

 , 4

d. In words: All real numbers

e. Set builder notation:

x x  2

We have described the domain of function as the set of all values of the independent variable, or
the set of all x values. But what if a function is described by a formula and the domain is not
specified?

Definition (Domain of a function given by a formula): If a function f is described
by a formula and its domain is not specified, we take its domain to be the set of all x values for
which f ( x) is a real number.

Example 5: Find the domain of each of the following functions. Write your answers using
interval notation.
a.

f ( x)  2 x  5

b. g ( x) 

x2
x  5x  4
2

c. h( x)  2 x  5

d.

f ( x) 

x2
x 5

Functions as Models - One important goal of our study is to analyze and interpret functions
when they are used as models to relate two real quantities.

Example 6: If an arrow is shot vertically from a bow with an initial speed of 192 ft./sec, the
height of the arrow can be modeled by the function h(t )  16t 2  224t , where h(t ) represents
the height of the arrow after t seconds (assume the arrow was shot from ground level).

a. What is the arrow's height after 1 second?

b. How long does it take the arrow to hit the ground?

d. What is the practical (implied) domain of h?

Classwork (tear-out pages): Find and simplify the difference quotient
each of the following functions.
1. f ( x)  2 x 2  x  5

f ( x  h)  f ( x )
for
h

2. f ( x)  3x  2

3.

f ( x) 

5
x

4.

f ( x)  3 x

Section 3.2
The Graph of a Function
Definition (Graph of a Function): The graph of a function f is the set of all points

 x, y  such that

y  f ( x) , that is, the graph of f is the graph of the equation y  f ( x) .

We start by looking a simple way of determining whether a graph is in fact a function.
Vertical line test: A curve in the coordinate plane is the graph of a function if and only if no
vertical line intersects the curve more than once.

Example 1: Determine which of the following graphs are graphs of functions.

a.

b.
y
4

3

2

1

x
-4

-3

-2

-1

1

-1

-2

-3

-4

c.

2

3

4

y
8

6

4

2

x
-8

-6

-4

-2

2

-2

-4

-6

-8

d.

4

6

8

Example 2:

Use the graph of the function f given below to answer the following.
y
3.5

(5,3)

3

2.5

(-4,2)

2

1.5

(-2,1)

1

0.5

(0,0)
-4

-3

-2

-1

(4,0)
1

2

-0.5

-1

-1.5

-2

-2.5

a. What is f (2) ?

b. What is f (5) ?

c. What is f (2) ?

d. What is f (1) ?

e. For what values of x is f ( x)  0 ?

f. For what values of x is f ( x)  0 ?

(2,-2)

3

4

(6,0)
5

6

x

y
3.5

(5,3)

3

2.5

(-4,2)

2

1.5

(-2,1)

1

0.5

(0,0)
-4

-3

-2

-1

(4,0)
1

2

-0.5

-1

-1.5

-2

-2.5

g. For what values of x is f ( x)  0 ?

h. What is the domain of f?

i. What is the range of f?

j. What are the x-intercepts of the graph of f?

k. What is the y-intercept of the graph of f?

l. For what value of x does f ( x)  3 ?

m. For how many values of x is f ( x)  1 ?

(2,-2)

3

4

(6,0)
5

6

x

Example 3:

Let f ( x) 

x2  2
.
x4

 3
 5

a. Is  1,  a point on the graph of f?

b. If x  0 , what is f ( x) ? What corresponding point is on the graph?

c. If f ( x) 

1
, what is x? What are the corresponding points on the graph?
2

d. What is the domain of f?

e. What is the y-intercept of the graph of f?

f. What are the x-intercepts of the graph of f?

Classwork (tear-out page): Use the graph of the function f given below to answer each of
the following.
y
6

5

4

(-1,3)

3

(3,3)

2

1

x
-4

-3

-2

-1

1

-1

2

3

(1,-1)

-2

a. What is f (1) ?

b. What is f (2) ?

c. What are the x-intercepts of the graph of f?

d. What is the y-intercept of the graph of f?

e. What is the range of f?

f. What is the domain of f?

g. For what values of x is f ( x)  0 ?

h. For what values of x is f ( x)  0 ?

4

Section 3.3
Properties of Functions
I. Increasing, Decreasing, and Constant Functions
Increasing Functions
A function is increasing on an interval I if for any two numbers x1 and x2 in I, where x1 < x2 ,
we have f ( x1 ) < f ( x2 ) . Intuitively, this says that the graph of an increasing function rises
steadily from left to right.

Decreasing Functions
A function is decreasing on an interval I if for any two numbers x1 and x2 in I, where x1 < x2 ,
we have f ( x1 ) > f ( x2 ) . Intuitively, this says that the graph of a decreasing function falls
steadily from left to right.

Constant Functions
A function is constant on an interval I if for every number x in I, the values of f ( x) are equal.
This says that the graph of a constant function is a horizontal line.

Example 1: Determine the intervals on which each of the following functions is increasing,
decreasing, or constant.
a.
y

7

(6,7)

6

5

4

(1,4)

3

2

(-3,2)

1

(4,1)
x

-3

-2

-1

1

2

3

4

5

6

b.
y

4

(0,3)

(2,3)

3

2

1

(4,0)

(-2,0)
-2

-3

-1

1

2

3

x
5

4

-1

-2

-3

c.
y
4

3

2

1

x
-5

-4

-3

-2

-1

1

-1

-2

-3

-4

2

3

4

5

II. Local Maximum and Minimum Values

Definitions (Local Maximum and Minimum Values):
A function f has a local maximum value at x = c if there is an open interval containing c such
that f (c) is the largest value of the function on that interval. In this case the local maximum
value is f (c) . A function f has a local minimum value at x = c if there is an open interval
containing c such that f (c) is the smallest value of the function on that interval. In this case the
local minimum value is f (c) .

y
60

50

40

30

20

10

(1,5)
-4

-3

-2

-1

1

x
2

3

4

5

6

7

-10

-20

-30

(3,-27)

-40

-50

The function f whose graph is given above has a local maximum value of ________ at x = 1 and
a local minimum value of ____________ at x = 3 .

Example 2: Find all local maximum and minimum values of the function whose graph is
given below.
y

Series 1

7

(-3,6)
6

5

(1,4)
4

(4,3)
3

2

1

(-1,0)
-4

-3

-2

x
2

1

-1

(2,-1)
-1

3

4

III. Odd and Even Functions
Definitions (Odd and Even Functions)

f is odd if f (− x) =
− f ( x) for all x in the domain of f.
f is even if f (− x) =
f ( x) for all x in the domain of f.

1.4

y

y
2

1.2
1.5

1
0.8

1
0.6
0.4

0.5

0.2

x

x
-2.5

-2

-1.5

-1

-0.5

0.5

1

1.5

2

-2.5

2.5

-2

-1.5

-1

0.5

-0.5

1

1.5

-0.2
-0.5
-0.4
-0.6

-1

-0.8
-1.5
-1
-1.2
-2
-1.4

Odd functions are symmetric
with respect to the origin.

Even functions are symmetric
with respect to the y-axis.

Example 3: Determine whether the graphs of the following functions are odd, even, or
neither.
a

b.

2

2.5

c.

d.

Example 4: Determine whether the following functions are odd, even, or neither.

1
x4

a.

g ( x) =

b.

f ( x=
) x3 − x

c.

h( x=
) 2 x − x2

IV. Average Rate of Change
The average rate of change of a function tells us how the y variable changes relative to the x
variable over a particular interval. This is important for applied problems. We may want to use
a change in barometric pressure with respect to time to predict a change in weather. Or we may
want to know how quickly profit is changing as a result of the sale of a new product. We will
define average rate of change first and then look at an application.

The average rate of change of the function y = f ( x) between x = a and x = b
is given by

change in y
f (b) − f (a )
=
average rate of change =
change in x
b−a

Example 5: Suppose you are driving in your car and the function d ( x) = 60 x gives the
distance (in miles) you have traveled after x hours. Calculate the average rate of change of this
function over the first 4 hours of driving (this is the time interval t = 0 to t = 4 ). Include units in
your answer. In this case, what does average rate of change represent?

d (4) − d (0) 120 − 0
is the slope
=
4−0
4−0
of a line. It is the slope of the line that connects the points ( 0, 0 ) and ( 4,120 ) . A line such as

Notice from the last example that the average rate of change

this that connects two points on a curve is called a secant line.
y
140

(4,120)
120

100

d ( x) = 60 x
80

60

40

20

(0,0)

x

Therefore average rate of change can also be calculated as follows:

The average rate of change of the function y = f ( x) between x = a and x = b is given by

average rate of change = slope of secant line from ( a, f (a ) ) to ( b, f (b) )

Example 6: Use the graph of f given below to answer the following.

3
2
1
1

2

3

a. Find the average rate of change of f from x = −2 to x = 5 .

b. Find the average rate of change of f on the interval [ −5,1] .

*Example 7: Use the graph of f given below to answer each of the following.

a. On what intervals is f increasing?

b. On what intervals is f decreasing?

c. Identify any local maximum values of f.

d. Identify any local minimum values of f.

e. Is f odd, even, or neither?

f. What is the average rate of change of f on the interval [ 0, 2] ?

*Classwork (Tear-out page): Use the graph of f given below to answer each of the
following.

a. On what intervals is f increasing?

b. On what intervals is f decreasing?

c. Identify any local maximum values of f.

d. Identify any local minimum values of f.

e. Is f odd, even, or neither?

f. What is the average rate of change of f between x = −1 and x = 2 ?

Section 3.4
Library of Functions; Piecewise-defined Functions
The graph of a line can be obtained by plotting two points, since two points completely determine a
line. However, the graph of any other kind of function cannot be obtained in such a simple way. In
this section we cover the graphs of 6 common functions and ask you to memorize them. We will then
learn how these common functions can be combined and varied to produce new functions.

1. Square Function: f ( x)  x2

Properties
a. Domain:

b. Range:

c. Increasing

d. Decreasing:

e. x-intercept

f. y-intercept

g. Local maximum

h. Local minimum

i. Odd/even/neither

2. Cube Function: f ( x)  x3

Properties
a. Domain:

b. Range:

c. Increasing

d. Decreasing:

e. x-intercept

f. y-intercept

g. Local maximum

h. Local minimum

i. Odd/even/neither

3. Square Root Function: f ( x)  x

Properties
a. Domain:

b. Range:

c. Increasing

d. Decreasing:

e. x-intercept

f. y-intercept

g. Local maximum

h. Local minimum

i. Odd/even/neither

4. Cube Root Function: f ( x)  3 x

Properties
a. Domain:

b. Range:

c. Increasing

d. Decreasing:

e. x-intercept

f. y-intercept

g. Local maximum

h. Local minimum

i. Odd/even/neither

5. Reciprocal Function: f ( x) 

1
x

Properties
a. Domain:

b. Range:

c. Increasing

d. Decreasing:

e. x-intercept

f. y-intercept

g. Local maximum

h. Local minimum

i. Odd/even/neither

6. Absolute Value Function: f ( x)  x

Properties
a. Domain:

b. Range:

c. Increasing

d. Decreasing:

e. x-intercept

f. y-intercept

g. Local maximum

h. Local minimum

i. Odd/even/neither

How does the absolute value function get its "V" shape? It is because x is a piecewisedefined function. Here is its definition:


 x if x  0
f ( x)  x  

 x if x  0
Let's see how this definition leads to the "V" shape:

Piecewise-Defined Functions
Example 1
 x

Let f ( x)   1

x

if x  0
if x  0

a. What is f (2) ?

b. What is f (9) ?

c. Sketch the graph of f.

Example 2
5

Let f ( x)   x 2
 x  7


if x  1
if  1  x  2
if x  2

a. What is f (3) ?

b. Sketch the graph of f.

Example 3
 x  3 if  2  x  1

if x  1
Let f ( x)  5
 x  2 if x  1


a. What is f (1) ?

b. What is the domain of f?

c. What are the intercepts of the graph of f?

d. Sketch the graph of f.

e. What is the range of f?

Classwork (Tear-out Page):
 x  4 if  5  x  1

Let f ( x)   x
if  1  x  2
2
if x  2


a. What is f (5) ?

b. What is the domain of f?

c. What are the intercepts of the graph of f?

d. Sketch the graph of f.

e. What is the range of f?

Section 3.5
Graphing Techniques: Transformations
In section 3.4 we learned the graphs of some basic functions. We then learned how these could
be incorporated into piecewise functions to create new functions. In this section we learn how
small changes to the formulas of the basic functions result in certain geometric transformations
of the graph.

Transformation #1: The graph of y  f ( x)  c is a vertical shift of the graph of

y  f ( x) by c units. If c  0 , the shift is up. If c  0 , the shift is down.

Example 1: Sketch the graphs of the following functions by first sketching the corresponding
basic graph and then applying the transformation. Label at least one point on the final graph.

1.

f ( x)  x 2  3

after transformation:
basic function: _________________

_____________________________

2. g ( x)  x3  2

after transformation:
basic function: _________________

_____________________________

3. h( x)  x  5

after transformation:
basic function: _________________

____________________________

Transformation #2: The graph of y  f ( x  c) is a horizontal shift of the graph
of y  f ( x) by c units. If c  0 , the shift is to the left. If c  0 , the shift is to the
right.

Example 2: Sketch the graphs of the following functions by first sketching the corresponding
basic graph and then applying the transformation. Label at least one point on the final graph.

1.

f ( x)  ( x  3)2

after transformation:
basic function: _________________

_____________________________

2. g ( x)  x  1

after transformation:
basic function: _________________

3. h( x) 

_____________________________

1
x 5

after transformation:
basic function: _________________

_____________________________

Transformation #3: The graph of y   f ( x) is a reflection of the graph of

y  f ( x) with respect to the x-axis.

Example 3: Sketch the graphs of the following functions by first sketching the corresponding
basic graph and then applying the transformation. Label at least one point on the final graph.

1.

f ( x)   x 2

after transformation:
basic function: _________________

_____________________________

2. g ( x)   3 x

after transformation:
basic function: _________________

3. h( x)  

_____________________________

1
x

after transformation:
basic function: _________________

____________________________

Transformation #4: The graph of y  f ( x) is a reflection of the graph of

y  f ( x) with respect to the y-axis.

Example 4: Sketch the graphs of the following functions by first sketching the corresponding
basic graph and then applying the transformation. Label at least one point on the final graph.

1.

f ( x)   x

after transformation:
basic function: _________________

_____________________________

2. g ( x)   x

after transformation:
basic function: _________________

_____________________________

3. h( x)   x

after transformation:
basic function: _________________

____________________________

Transformation #5: For c  1, the graph of y  cf ( x) is a vertical stretch of the
graph of y  f ( x) . For 0  c  1, the graph of y  cf ( x) is a vertical compression
of the graph of y  f ( x) .

Example 5: Sketch the graphs of the following functions by first sketching the corresponding
basic graph and then applying the transformation. Label at least two points on the final graph.

1.

f ( x)  2 x 2

after transformation:
basic function: _________________

_____________________________

2. g ( x)  13 x

after transformation:
basic function: _________________

_____________________________

3. h( x)  5 x

after transformation:
basic function: _________________

____________________________

Transformation #6: For c  1, the graph of y  f (cx) is a horizontal
compression of the graph of y  f ( x) . For 0  c  1, the graph of y  f (cx) is a
horizontal stretch of the graph of y  f ( x) .

Examples: Sketch the graphs of the following functions by first sketching the corresponding
basic graph and then applying the transformation. Label at least two points on the final graph.

1.

f ( x)   2 x 

2

after transformation:
basic function: _________________

_____________________________

Now that we know the six basic transformations, we can sketch the graphs of functions involving
two or more transformations:

Examples: Graph each of the following functions using the techniques of shifting, compressing,
stretching, and/or reflecting. Start by graphing a basic function and then show each stage of the
transformation. Label at least 3 points on the final graph.
1.

f ( x)  ( x  2)2

after 1st transformation:
basic function: _________________

final answer:
_____________________________

_____________________________

2.

f ( x)  12 x  3  1

after 1st transformation:
basic function: _________________

_____________________________

after 2nd transformation:

final answer:

______________________________

______________________________

3.

f ( x)   x  4  3

after 1st transformation:
basic function: _________________

_____________________________

after 2nd transformation:

final answer:

______________________________

______________________________

In the following examples we find the formula for a function using the transformations applied to
to a basic function in a particular sequence.

Example: Find the formula for the function that is finally graphed after the following
sequence of transformations has been applied to the graph of f ( x)  x .
First:

Shift left 4 units

Second:

Reflect about the x-axis

Third:

Shift up two units

Example: Find the formula for the function that is finally graphed after the following
sequence of transformations has been applied to the graph of f ( x) 
First:

Stretch vertically by a factor of 3

Second:

Shift to the right 1 unit

Third:

Shift down 5 units

1
.
x

Classwork:
1. Graph using transformations: f ( x)  12 x  3  1

after 1st transformation:
basic function: _________________

_____________________________

after 2nd transformation:

final answer:

______________________________

______________________________

2. Find the formula for the function that is finally graphed after the following sequence of
1
transformations has been applied to the graph of f ( x)  .
x
First:

Shift right two units

Second:

Reflect about the y-axis

Third:

Shift up 3 units

Section 3.6
Mathematical Models: Building Functions
Mathematical models use equations and data to explain real-world relationships. These models
can be complex and may involve hundreds of equations. For our purposes a model will be a
function that describes the relationship between two quantities. To construct these models you
will rely on basic formulas learned in previous math classes. These include formulas for area,
perimeter, distance, uniform motion, revenue, and profit.
Each problem in this section will ask you to construct a model using the language, "Express y as
a function of x." This means to write an equation that has the variable y on one side and an
expression involving the variable x on the other side. The expression involving x should have
only the variable x and no other variables.

Example 1: If 3x  4 y  16 , express y as a function of x.

To emphasize that y is a function of x, we can replace the variable y with the symbol y( x) . So
we will write the final answer for example 1 as:

Example 2: If t 2  p  9 , then
a. Express p as a function of t.

b. Express t as a function of p.

In example 3 we construct our first model and outline a procedure for completing the problems
of this section.

Example 3: Let  x, y  be a point on the graph of y  x2  4 .
a. Express the distance d from the point  x, y  to the origin as a function of x. Simplify your
answer.
To understand any problem involving a geometric relationship it is usually helpful to draw a
picture.

Step 1: Choose a formula: To construct a model, the first step will be to choose an
appropriate formula. Since the question is asking for the distance from  x, y  to the origin,
what formula should we use?

Step 2: Substitute any given information into the formula: What can we substitute based
on the statement of the problem?

Step 3: Make sure that your function contains only one variable: Since we want to
express d as a function of x, our final answer should be an equation with d on one side and an
expression containing only x on the other side. If there are variables other than x, we must
make substitutions for those variables.

Step 4: Simplify and express your answer using function notation:

b. Use your answer for part a to find d for x  0 , x  1 , and x  2 .

Example 4: A rectangle with width x has a perimeter of 48 inches.
a. Express the length of the rectangle, l, as a function of x.

b. Find the practical domain of l.

c. Express the area of the rectangle, A, as a function of x.

Example 5: A rectangle is inscribed in a circle of radius 6. Let P   x, y  be the point in the
first quadrant that is a vertex of the rectangle and is also on the circle.

a. Express the area, A, of the rectangle as a function of x.

b. Express the perimeter, P, of the rectangle as function of x.

Example 6: Two bicycles leave an intersection at the same time. One travels due east at a
constant speed of 10 miles per hour and the other travels due south at a constant speed of 15
miles per hour. Express the distance, d, between the two bicycles as a function of time, t.

Classwork/Tear-out page:
1. A farmer with 2000 meters of fencing wants to enclose a rectangular plot that borders on a straight
river. If the farmer does not fence the side along the river,

River

w

Plot

l

a. Express the length l or the rectangular plot as a function of w.

b. What is the practical domain of l?

2. A circle of radius r is inscribed in a square:

r

a. Express the area A of the square as a function of radius of the circle r.

b. Express the perimter P of the square as a function of radius of the circle r.

Section 4.1
Linear Functions and Their Properties
A linear function is a function that can be put in the form:

f ( x)  mx  b
where m and b are real numbers. The graph of a linear function is a line.
____________ is the slope of the line and ______________ is the y-intercept.

Example 1: Which of the following functions are linear?

a.

f ( x)  7 x  2

b. g ( x) 

3
x

c. h( x)  3x2  2

d.

1

f ( x)  7 x 2  5

*Example 2: Let f ( x)   2 x  4
3

a. Identify the slope and y-intercept of the graph of f.

b. Sketch the graph of f using slope.

c. Is f increasing, decreasing, or constant? How can you tell without the graph?

d. What is the average rate of change of f on the interval  1,3 ? Would your
answer change on a different interval? Why?

e. What is the domain of f? Is this the domain of every linear function?

f. What is the range of f? Is this the range of every linear function?

g. Does f have a local maximum or minimum value? Can any linear function?

h. Is f odd, even, or neither? Under what conditions would a linear function be
even? Under what conditions would a linear function be odd?

Example 3: Let f ( x)  3 x
4

a. Identify the slope and y-intercept of the graph of f.

b. Sketch the graph of f.

c. Is f increasing, decreasing, or constant?




3
, 7 ?
 11


d. What is the average rate of change of f on the interval  

e. What is the domain of f?

f. What is the range of f?

g. Does f have a local maximum or minimum value?

h. Is f odd, even, or neither?

Example 4: Let f ( x)  3
a. Identify the slope and y-intercept of the graph of f.

b. Sketch the graph of f.

c. Is f increasing, decreasing, or constant?




3
, 7 ?
 11


d. What is the average rate of change of f on the interval  

e. What is the domain of f?

f. What is the range of f?

g. Does f have a local maximum or minimum value?

h. Is f odd, even, or neither?

Example 5: Which of the following functions might have the graph shown
below?
1
2

a. f ( x)  2x  3

e.

f ( x)   x  3

b. f ( x)  3x 1

f.

f ( x)   x  1

c.

f ( x)   x  2

g.

f ( x)   x

d.

f ( x)  x  4

h.

f ( x)  5

1
2

1
4

Example 6: Use the graph of the linear function f to answer the following.

a. Find f (12) .

b. Solve f ( x)  1.

c. Solve f ( x)  4 .

d. Solve 1  f ( x)  0 .

e. Find the equation of the line.

Example 7: Suppose your company buys a computer for $2200. For tax
purposes you estimate that the computer will be worth only $600 in four years.
a. Write a linear function that gives the value of the computer in dollars after t
years.

b. What will the value of the computer be 9 months after it was purchased?

c. After how many years would the computer be worthless?

d. What is the practical domain of this function?

*Classwork(Tear-out page):
The function f ( x)  .01x  58 models the global average temperature of the Earth
in degrees Fahrenheit, x years after January 1, 1995.
a. Is f increasing, decreasing, or constant?

b. In what year will the global average temperature reach 59 degrees Fahrenheit?

c. What is the practical domain of this function?

d. What is the average rate of change of f from July 2, 1996 to August 14, 2003?
Include units in your answer.

Section 4.3
Quadratic Functions and Their Properties
A quadratic function is a function that can be put in the form:

f ( x)  ax2  bx  c
where a, b, and c are real numbers and a  0 .
The graph of a quadratic function is called a parabola. In section 7.2 will we look
in detail at the geometric definition of a parabola. For now, we focus on the basic
features of the graph. A parabola may be oriented in any direction. However, the
graph of quadratic function must open up or down. It will open up if a  0 and
down if a  0 .

opens up

opens down

a0

a0

Let's examine each of these shapes in the context of what we learned in chapter 3.
We label the vertex of the parabola using  h, k  .

f
If a  0

 h, k 
 f has a local _____________________ value of ______ at x  ______.

 f is increasing on ______________________.

 f is decreasing on______________________.

 the domain of f is______________________.

 the range of f is ______________________.
The vertical line that intersects the vertex is called the axis of symmetry. The
graph is symmetric with respect to this line.
 the equation of the axis of symmetry is ______________.

If a  0

f

 h, k 

 f has a local _____________________ value of ______ at x  ______.

 f is increasing on ______________________.

 f is decreasing on______________________.

 the domain of f is______________________.

 the range of f is ______________________.
 the equation of the axis of symmetry is ______________.

To sketch the graph of a parabola, we need to find its vertex.
The function f ( x)  ( x  3)2  4 can be easily sketched using transformations. We
2
do this by shifting the graph of the parabola y  x _______________ units to the

_______________ , and then ________________ units ________________.
Therefore the vertex of the graph of f is at _________________.

2
Any quadratic function f ( x)  ax  bx  c can be put in the form

f ( x)  a( x  h)2  k by completing the square, where  h, k  is the vertex of the
graph of f . The graph can then be sketched using transformations.

Example 1: Put the function f ( x)  x2  8x  18 in the form
f ( x)  a( x  h)2  k by completing the square. Identify the vertex and sketch the
graph.

Steps for Completing the Square
Step 1: Group the x terms:

Step 2: Divide the coefficient of the linear term by 2.

Step 3: Square your answer for step 2.

Step 4: Add your answer for step 3 inside parenthesis and subtract that same
number outside.

Step 5: Factor the expression in parentheses and combine the numbers outside.

The vertex is:__________________________.

Since a is positive ( a 

Sketch the graph:

), the graph opens _______________.

If a  1 we can complete the square as in the first example. If a  1 however, we
will need to add two extra steps:

Example 2: Put the function f ( x)  3x 2  12 x  9 in the form
f ( x)  a( x  h)2  k by completing the square. Identify the vertex and sketch the
graph.
Step 1: Group the x terms:

Step 1A: Factor the constant out of the grouped terms.

Step 2: Divide the coefficient of the linear term by 2.

Step 3: Square your answer from step 2.

Step 4: Add your answer for step 3 inside parenthesis.

Step 4A: First multiply your answer from step 3 by a, and then subtract it outside.

Step 5: Factor the expression in parentheses and combine the numbers outside.

The vertex is:__________________________.

Since a is negative ( a 

Sketch the graph:

), the graph opens _______________.

Classwork (Tear-out page)
2
Put each of the following functions in the form f ( x)  a( x  h)  k by
completing the square. Identify the vertex and sketch the graph.

a. f ( x)  x  16 x  63
2

2
b. f ( x)  4 x  8x  1

The vertex of a parabola can also be determined by using the following vertex
formula:

Vertex Formula
The vertex of the graph of the quadratic function f ( x)  ax2  bx  c is given by

 b
  2a ,


 b 
f   
 2a  

Example 3: Find the vertex of each of the following quadratic functions using
the Vertex Formula.

2
a. f ( x)  x  8x  18

b.

f ( x)  3x 2  12 x  9

2
Example 4: Let f ( x)  3x  6 x  24

a. Find the vertex of the graph of f .

b. Find the y-intercept of the graph of f .

c. Find the x-intercepts of the graph of f .

d. Find the equation of the axis of symmetry.

e. Sketch the graph and label everything from parts a-d.

f. On what interval is f increasing.

g. On what interval is f decreasing.

h. f has a local ________________________ value of ___________________.

i. The domain of f is:

j. The range of f is:

Example 5: Without graphing, determine whether the quadratic function
f ( x)  2 x 2  5x  3 has a maximum or minimum value, and find that value.

Example 6: A ball is launched directly upward from ground level with an initial
velocity of 40 feet per second. Its height in feet after t seconds is given by

h(t )  40t  16t 2 .
a. How long does it take for the ball to attain its maximum height?

b. What is the maximum height attained by the ball?

c. After how long does the ball hit the ground?

Example 7: A company has found that its revenue, in dollars, from the sale
lawnmowers is a function of the selling price p, also in dollars. If revenue is
given by R( p)  

1 2
p  500 p , then
4

a. What is the maximum revenue the company can generate?

b. What selling price will generate the maximum revenue?

Classwork/Tear-out page:
Let f ( x) 

1 2
x  2x  6
2

a. Find the vertex of the graph of f .

b. Find the y-intercept of the graph of f .

c. Find the x-intercepts of the graph of f .

d. Find the equation of the axis of symmetry.

e. Sketch the graph and label everything from parts a-d.

f. On what interval is f increasing.

g. On what interval is f decreasing.

h. f has a local ________________________ value of ___________________.

i. The domain of f is:

j. The range of f is:

Section 4.4
Quadratic Models
Example 1: The price p, in dollars, and the quantity x sold of a certain
product obey the demand equation:

3 p  x  100
a. Express p as a function of x.

b. Express revenue, R, as a function of x.

c. What is the implied domain of R?

d. What quantity x maximizes revenue? What is the maximum revenue?

e. What price should the company charge to maximize revenue?

Example 2: David has 400 yards of fencing and wishes to enclose a
rectangular area.
a. Express the area, A, of the rectangle as a function of the width, w, of the
rectangle.

b. For what value of w is area as large as possible?

c. What is the maximum area? Include units in your answer.

Example 3: A rain gutter is to be made of aluminum sheets that are 12
inches wide by turning up the edges 90 degrees.

What depth, x, will maximize the cross-sectional area of the rain gutter and
thus allow the most water to flow?

Example 4: A Norman window has the shape of a rectangle surmounted by
a semicircle of diameter equal to the width of the rectangle.

If the perimeter of the window is 20 feet, what should the radius of the
semicircular portion of the window be to admit the most light?

Classwork(Tear-out page): A farmer has 2000 yards of fencing and wishes
to enclose a rectangular pasture that borders a river. He does not want
fencing along the river.
a. Express the area, A, of the rectangular pasture as a function of its width, w.

b. For what value of w the area the largest?

c. What is the maximum area that can be enclosed?

Section 5.1
Polynomial Functions and Models
A polynomial function is a function of the form:

P( x)  an xn  an1 x n1  an2 x n2 

 a2 x 2  a1x  a0

n, the greatest power, is called the degree of the polynomial. n must be a whole
number. an , an1 , an2 , ..., a2 , a1 , and a0 must be real numbers. an is called the
leading coefficient of P.

We already have some familiarity with two particular types of polynomials.
If n  2 , we have P( x)  ______________________________________.
In this case P is a ____________________________________________.

If n  1 , we have P( x)  ______________________________________.
In this case P is a ____________________________________________.

Polynomial functions are important because they are smooth. This means that
their graphs are continuous (can be drawn without lifting a pencil off the paper)
and have no corners or cusps.

Example 1: Which of the following could be the graph of a polynomial
function?

To graph polynomial functions, we must first be able to distinguish them from
other types of functions:

Example 2: Determine which of the following functions are polynomial
functions. For those that are, give the degree and the leading coefficient. For
those that are not, explain why.
Yes/No

P( x)  1  2 x

P ( x) 

1
x

P( x)  x2  x  3
P( x)  1 x  x9
P( x)  8

P( x) 

x5  2 x 4  x  3
8

Degree

Lead. Coeff.

Why not?

P( x) 

x 2  3x  2
2x

We already know how to graph first degree (linear) polynomial functions and
second degree (quadratic) polynomial functions. We can also graph some higher
degree polynomials using our knowledge of transformations. Recall that the graph
of f ( x)  xn looks roughly parabolic if n is any even number, and roughly cubic if
n is any odd number.

Example 3: Sketch the graph of each of the following using transformations.
a. P( x)  ( x 1)4  3

b. P( x)   x7  5

Obtaining the precise graph of a polynomial function is beyond the scope of this
course. However, we can use two theorems to get a very rough approximation of
the graph. First, let's look at the general shapes of the some polynomials and
compare them to their formulas. Can you see a relationship between the graph and
the formula?

2
2nd degree polynomial functions: P( x)  ax  bx  c

a0

a0

3
2
3rd degree polynomial functions: P( x)  ax  bx  cx  d

a0

a0

4
3
2
4th degree polynomial functions: P( x)  ax  bx  cx  dx  e

a0

a0

5
4
3
2
5th degree polynomial functions: P( x)  ax  bx  cx  dx  ex  f

a0

a0

Theorem on Local Extrema
1. If P is a polynomial function of degree n, then the graph of P has at most
n  1 local extrema.
2. If the graph of a polynomial function P has n local extrema, then the degree of
P is at least n  1 .

Notice that the first part of the theorem says a degree n polynomial function has at
most n  1 local extrema. If a degree n polynomial function does not have n  1
local extrema, the number of local extrema it has must be less than n  1 by an
even number.

Example 4:
a. A degree 7 polynomial may have how many local extrema?

b. A degree 8 polynomial may have how many local extrema?

Determining the precise number of local extrema is beyond the scope of this
course. To avoid confusion we will only use examples where the number of local
extrema is one less than the degree.
We now analyze another important aspect of functions that pertains to the graph.
End Behavior: The end behavior of a function is a description of what its y-values
approach as "x approaches infinity" (meaning as x increases without bound) and as
"x approaches negative infinity" (meaning as x decreases without bound). For
polynomial functions (degree greater than 0), y will increase or decrease without
bound as x increases or decreases without bound.

Example 5: Describe the end behavior of the function

1
1
P( x)   x3  x 2  10 x
2
2

whose graph is given below.
y

80

60

40

20

x
-8

-6

-4

-2

2

4

6

8

-20

-40

-60

-80

As x approaches infinity, y approaches _________________________ and
As x approaches negative infinity, y approaches _____________________.
We write:
end behavior: as x   , y   and as x   , y  
("  " means "approaches")

Another way to describe the end behavior is to write a function using only the term
of the polynomial with the highest degree.
We say:

1
2

for large values of x , the graph of P resembles y   x3

Example 6: Sketch the graph of P( x)  x3  3x2  4 x 12 . Describe the end
behavior.

Example 7: Sketch the graph of
behavior.

P( x)  ( x  1)( x  1)( x  2)( x  3) . Describe the end

Definition: Zeros of Polynomials
c is a zero of a polynomial function P if P(c)  0

Example 8:
a. Find the zeros of P( x)  2 x( x  3)( x  4)

b. Find the zeros of P( x)  x  4 x  32
2

Definition: Multiplicity of Zeros
If a polynomial P has a factor of  x  c  , then c is a zero of multiplicity m.
m

Theorem: Multipliciy of Zeros
If  x  c  is a factor of a polynomial function P, then
m

1. If m is odd, the graph of P crosses the x-axis at  c, 0  .
2. If m is even, the graph of P touches the x-axis at  c, 0  .

Crosses

 c, 0 

 c, 0 

 c, 0 

 c, 0 

Touches

Example 9: Find the zeros of each of the following functions. State the
multiplicity of each zero. Determine whether the graph of P will cross or touch at
each corresponding x-intercept.

a.

P( x)   x  5 ( x  7) .
2

2
b. P( x)  2 x  x  4  ( x  1)
3

Example 10: Sketch the graph of P( x)   x( x  2)( x  5)2 . Describe the end
behavior. What function does P resemble near each of its x-intercepts?

Example 11: Sketch the graph of P( x)  ( x  3)2 ( x  1)2 ( x 1) . Describe the
end behavior. What function does P resemble near each of its x-intercepts?
.

Example 12:
Use the graph of a polynomial function P( x) to answer the following questions.

a. What is the minimum degree of P ?

b. What is the sign of the leading coefficient of P ?

c. Is the degree of P odd or even?

d. List the zeros of P .

e. Which zero of P has an even multiplicity?

f. Write a possible formula for P( x) .

Factor Theorem
c is a zero of a polynomial function P if and only if x  c is a factor of P( x) .

Example 13:
a. Find the formula for a third degree polynomial that has zeros 4, 0, and 3 .

b. Find the formula for a fifth degree polynomial where 1 is a zero of multiplicity
1, 2 is a zero of multiplicity 2, and 0 is a zero of multiplicity 2. The polynomial
should also have a leading coefficient of 2 .

Classwork/Tear-out page:
2
Sketch the graph of P( x)  ( x  1) ( x  3) . Describe the end behavior. What
function does P resemble near each of its x-intercepts?

Sections 5.2 and 5.3
Rational Functions
We begin by revisiting the reciprocal function f ( x)  1 . This is an
x

example of a rational function.

 End Behavior: as x  , y 

and

as x   , y 

 Equation of horizontal asymptote is

(x-axis)

 Equation of vertical asymptote is

(y-axis)

 Behavior near vertical asymptote:
as

x  0 , y 

as

x  0 , y 

and

Example 1: Sketch the graph of f ( x)  1  2 . (This is review from 3.5.)
x 3

Indicate the end behavior and the behavior near the vertical asymptote.

Definition (Rational Function)

A rational function is a function that can be written in the form

R ( x) 

P ( x)
Q( x)

where P( x) and Q( x) are polynomials that have no common factors.

Example 2: Sketch the graph of R( x)  x

2

9

x 3

Explain. Are the two functions R( x) 

. Is this a rational function?

x2  9 and
f ( x)  x  3 equal?
x 3

Example 3: Is R( x)  1  2 a rational function?
x 3

Example 4: Sketch the graph of R( x)  2 x  5 by finding intercepts and
x 3

asymptotes.

Vertical Asymptotes of R( x)  P( x) : Important Facts
Q( x)

1. We find the vertical asymptotes of R by solving the equation ______________.
2. R is ______________________ at any vertical asymptote.
3. The graph of R may/can never intersect a vertical asymptote.
4. Suppose R has a vertical asymptote x  c . Then the behavior of the graph near
x  c is as follows:
As x  c

Either

y 

Or

y  

Or

y  

As x  c

Either

y 

Horizontal Asymptotes of R( x)  P( x) : Important Facts
Q( x)

1. Horizontal asymptotes indicate the _______________________________ of R.

2. The graph of R may/can never intersect a horizontal asymptote.

3. To find horizontal asymptotes we consider 3 cases:
I. If deg P  deg Q , _____________________________________________.
II. If deg P  deg Q ,_____________________________________________.
III. If deg P  deg Q 1, __________________________________________.

Example 5: Let R( x)  3x  4 .
x2

a. Find the y-intercept.

b. Find the x-intercept.

c. Find the equation of the vertical asymptote.

d. Find the equation of the horizontal asymptote.

e. Make a "sign chart" as follows:
i. Find the zeros of both the numerator and denominator of R( x) .
ii. Place the zeros from first step on a number line. Label them appropriately.
iii. Identify the intervals determined by the zeros.
iv. Choose "test points", i.e. choose numbers in each interval that are not zeros.
v. Find the sign of R at each test point. Because of the continuity of R on its
domain, the sign of R will not change in a given interval. Write the sign for
each interval.

Interval determined by
zeros
Test Points
Sign of R
Conclusion

f. Sketch the graph of R.

Example 6: Let R( x) 

x2
.
 x  3 x 1

a. Find the y-intercept.

b. Find the x-intercept.

c. Find the equation of the vertical asymptotes.

d. Find the equation of the horizontal or oblique asymptote.

e. Make a "sign chart" .

Interval determined by
zeros
Test Points
Sign of R
Conclusion

f. Sketch the graph of R.

2
x
Example 7: Let R( x)   x 12 .
x2

a. Find the y-intercept.

b. Find the x-intercepts.

c. Find the equation of the vertical asymptote.

d. Find the equation of the horizontal or oblique asymptote.

e. Make a "sign chart" .

Interval determined by
zeros
Test Points
Sign of R
Conclusion

f. Sketch the graph of R.

Classwork(Tear-out page)
Sketch the graph of R( x) 

x using the steps from the last 2 examples.
x2  4

Section 5.4
Polynomial and Rational Inequalities
I. Polynomial Inequalities





Example 1: Use the graph of the function P( x)  x x2  9  x  5 given
below to solve each of the following polynomial inequalities.
y

60

40

f(x)=x*(x^2-9)*(x+5)

20

x
-6

-5

-4

-3

-2

-1

1

-20

-40

-60

















a. x x2  9  x  5  0
b. x x2  9  x  5  0
c. x x2  9  x  5  0
d. x x2  9  x  5  0

2

3

4

5

Example 2: Sketch the graph of the function P( x)   x  2  x 1 x  4
and use the sketch to solve  x  2  x 1 x  4  0 .

If it is convenient to sketch the graph of a polynomial, then corresponding
polynomial inequalities can be solved graphically. However, we will also learn a
method for solving these inequalities that is purely algebraic. Before we begin,
let's look a very common mistake.
What's wrong with the following argument?

 x  2 x  3  0



x  2  0 or x  3  0 
x  2 or x  3

Example 3: Solve x3  6 x2  9 x algebraically.
Step 1: Get "0" on one side of the inequality. This will give an inequality of the
form P( x)  0 (assuming you get 0 on the right side)

Step 2: Find the zeros of P( x)

Step 3: Make a "sign chart".
a. Place the zeros of P on a number line. Label them appropriately.
b. Identify the intervals determined by the zeros of P.
c. Choose "test points", i.e. choose numbers in each interval that are not zeros.
d. Find the sign of P at each test point. Because of the continuity of P, the
sign of P will not change in a given interval. Write the sign for each interval.

Interval determined by
zeros
Test Points
Sign of P
Conclusion

Step 4: Write the final answer by choosing the correct intervals.

II. Rational Inequalities
Example 4: Use the graph of R( x)  x to solve the following rational
x 3

inequalities.

a.

x
0
x 3

b.

x
0
x 3

Before we solve a rational inequality using algebra, let's look at one more very
common mistake.

What's wrong with the following argument?

x
0 
x 3

 x  3

x
  x  3  0
x 3



x0
Example 5: Solve 5  3 algebraically.
x 3

x 1

Step 1: Get "0" on one side, then combine terms to get an expression of the form
R( x)  0 .

Step 2: Find the zeros of both the numerator and denominator of R( x) .

Step 3: Make a "sign chart".
a. Place the zeros from step 2 on a number line. Label them appropriately.
b. Identify the intervals determined by the zeros.
c. Choose "test points", i.e. choose numbers in each interval that are not zeros.
d. Find the sign of R at each test point. Because of the continuity of R on its
domain, the sign of R will not change in a given interval. Write the sign for
each interval.

Interval determined
by zeros
Test Points
Sign of R
Conclusion

Step 4: Write the final answer by choosing the correct intervals.

Classwork(Tear-out pages):
1. Solve x3  x

2. Use the graph of R( x) 

 x  2 x  3 x 1  0 .
 x  4 x 1

 x  2 x  3 x 1 given below to solve
 x  4 x 1

3. Solve

x  2 x 1

x3 x2

Section 5.5
The Real Zeros of a Polynomial Function
How do we find the zeros of a polynomial function that is not factorable? We will
use the Rational Zeros Theorem which will give us the possible rational zeros of a
certain polynomials. But first we need two tools, synthetic division along with the
Remainder Theorem, to be able to put our main theorem to work.

Synthetic Division: A technique for dividing any polynomial by a linear
polynomial of the form x  c .
3
2
Example 1: Use synthetic division to divide: x  3x  x  5 . Identify the

x2

quotient, remainder, and final answer.

5
2
Example 2: Use synthetic division to divide: 3x  6 x  7 . Identify the

x2

quotient, remainder, and final answer.

3
2
Example 3: Use synthetic division to divide: x  6 x  5x 12 . Use your

x4

answer to factor P( x)  x3  6 x2  5x 12 .

The Remainder Theorem: If P is a polynomial function and P( x) is divided
by x  c , then the remainder is f (c) .

Example 4: Use the Remainder Theorem to find the remainder when
P( x)  x3  x2  5x  3 is divided by x  3 .

Example 5: Use the Remainder Theorem to determine each of the following:
a. Is 1 a zero of P( x)  x3  x2  5x  3 ?

b. Is 1 a zero of P( x)  x3  x2  5x  3 ?

Rational Zeros Theorem
n
n 1
If the polynomial P( x)  an x  an1 x 

 a1 x  a0 has integer coefficients,

then every rational zero of P is of the form

p
q
where p is a factor of the constant coefficient a0
and q is a factor of the leading coefficient an

Note that this theorem will only help us find the rational zeros of a polynomial. A
polynomial may also have irrational or complex zeros. List some specific zeros
that this theorem will not help us find?

Example 6: Let P( x)  x3  4x2  3x 18 .
a. List the possible zeros of P based on the Rational Zeros Theorem.

b. Find all the real zeros of P.

Example 7: Let P( x)  6x4  7 x3 12x2  3x  2 .
a. List the possible zeros of P based on the Rational Zeros Theorem.

b. Find all the real zeros of P.

Example 8: Let P( x)  2x4 15x3  31x2  20x  4 . Find all the real zeros of P
and express P( x) as a product of linear factors.

Classwork(Tear-out page): Let P( x)  2 x3 11x2 10x  8 . Find all the real
zeros of P and express P( x) as a product of linear factors.

Section 5.6
Complex Zeros; Fundamental Theorem of Algebra
Review of Complex Numbers
Definition: The imaginary unit, which we denote by i , is the number whose
square is 1. That is i 2  1. Consequently, i  1 .

Definition: Complex numbers are numbers of the form a  bi where a and b are
real numbers. a is called the real part of the complex number a  bi and b is called
the imaginary part of the complex number a  bi .

Complex Number Arithmetic
Example 1: Perform the indicated operation. Write the answer in the form a  bi .
a. (2  i)  (3  4i)
b. (2  i)  (3  4i)
c. (2  i)(3  4i)

Example 2: Perform the indicated operation. Write the answer in the form a  bi .
a. (2  5i)  (2  5i)
b. (2  5i)  (2  5i)
c. (2  5i)(2  5i)

Example 3: Perform the indicated operation. Write the answer in the form a  bi .
a. ( x  3i)  ( x  3i)
b. ( x  3i)  ( x  3i)
c. ( x  3i)( x  3i)

Example 4: Express each square root using i .
a.

4

b.

100

c.

7

d.

8

e.

18

Fundamental Theorem of Algebra
The Fundamental Theorem of Algebra states that every polynomial (degree 1 or
greater) with complex coefficients has at least one complex zero. It can be shown
using this theorem that every n degree polynomial has exactly n zeros, if you
include the multiplicities of the zeros in your count. This also means that every
polynomial can be expressed as a product of linear factors.

Example 5: Find all the zeros of P( x)  x4  x2  2x  2 . Express P( x) as a
product of linear factors.

Example 6: Find all the zeros of P( x)  x4  22x2  21 . Express P( x) as a
product of linear factors.

Example 7: Find all the zeros of P( x)  x3  216 . Express P( x) as a product of
linear factors.

Conjugate Zeros Theorem
If a polynomial P has real coefficients, then whenever a  bi is a zero of P, its
complex conjugate a  bi is also a zero of P.

Example 8:
a. A degree 5 polynomial with real coefficients has zeros 2 , i , and 4  5i .
What are its remaining zeros?

b. A degree 4 polynomial with real coefficients has zeros 3  7i , and 4 (where 4 is
a zero of multiplicity 2). What are its remaining zeros?

Example 8: Find a degree 4 polynomial with real coefficients having zeros 2i
and 5i .

*Example 9: Find a degree 4 polynomial with real coefficients having zeros i
and 1 2i .

Example 10: 3i is a zero of the polynomial P( x)  3x4  5x3  25x2  45x 18 .
Find the remaining zeros.

*Classwork(Tear-out page): Find a degree 4 polynomial with real
coefficients whose zeros are 3  i and 1 (where 1 is a zero of multiplicity 2).

Section 6.1
Composite Functions
Definition(Composite Functions)
Given two functions f and g, the composite function f g (also called the composition
of f and g) is defined by

 f g  ( x)  f  g ( x)
Example 1: Let f ( x)  x3 1 and g ( x)  3 x 1 . Find and simplify each of the
following.
a.

 f g  ( x)

b.

 g f  ( x)

c.

 f f  ( x)

d.  g g  ( x)

Example 2: Let f ( x)  x  5 and g ( x)  x  2 . Find and simplify each of the
x 1
x 3
following.
a.

 f g  ( x)

b.

 g f  ( x)

Example 3: Let f ( x)  2x and g ( x)  3x2 1. Find each of the following.

a.

 f g  (2)

b.

 g f  (2)

c.

 f f  (1)

d.  g g  (0)

Example 4: Use the graphs of f and g give below to answer each of the following.

a.

 f g  (1)

b.

 g f  (0)

c.

 f f  (1)

d.  g g  (4)

Example 5: Let f ( x)  1 and g ( x)  x  5 . Find each of the following.
x
a.

 f g  (6)

b.

 f g  (2)

c.

 f g  (0)

d.

 f g  (5)

e. domain of f g .

Example 6: For each pair of functions, find the domain of f g .
a.

f ( x)  1 and g ( x)  1
x2
x 3

b.

f ( x)  x and g ( x)  x  3

Classwork(Tear-out page)
Let f ( x) 

1 and g ( x)  3 .
x 3
x4

a. Find  f g  ( x) and simplify.

b. Find the domain of f g .

c. Find  g f  ( x) and simplify.

d. Find the domain of g f .

Section 6.2
One-to-One Functions; Inverse Functions
In order for a relation to be a function, we know that each x in the domain must be
associated with one and only one y in the range. However, different x values may be
associated with the same y value. If we insist that each y value in the range be
associated with one and only x value in the domain then the function is called one-toone.

Definition (One-to-One Function):
A function f is one-to-one if for any two numbers x1 and x2 in its domain, x1  x2
implies that f ( x1)  f ( x2 ) .

Example 1: Are the following functions? Are they one-to-one?
a.

c.

b.

If a horizontal line intersects the graph of a function in two or more points, the function
is not one-to-one (why?). This gives us a simple way of telling whether or not a
function is one-to-one from its graph.

Horizontal Line Test
A function is one-to-one if no horizontal line intersects its graph more than once.

Example 2: Are the following functions one-to-one?
a.

c. f ( x)   x  3

b.

d. g ( x)  x3

2

e.

What specific types of functions are one-to-one?

Inverse Functions
In simple terms, an inverse function is a function that reverses the effect of a one-to-one
function. For a function f we use the notation f 1 to indicate "f inverse". So f 1 is the
function that reverses the effect of f.

Example 3:

Notice that for f:

f (1)  1

and for f 1 :

f 1(1)  1

f (2)  4

f 1(4)  2

f (3)  9

f 1(9)  3

This also means that 1,1 ,  2,4  ,  3,9  are on the graph of f and

1,1 ,  4,2 , 9,3 are on the graph of

f 1 .

From this example we observe some important properties of inverse functions:
 Whenever f ( x)  y , _________________.
 Whenever  x, y  is on the graph of f, ______________ is on the graph of f 1 .
 Range of f =
 Domain of f =

These are summarized in the following definition.

Definition(The Inverse of a Function)
Let f be a one-to-one function with domain A and range B. Then its inverse function
f 1 has domain B and range A and is defined by

f 1( y)  x if and only if f ( x)  y
for any y in B.

1
. You cannot find f 1 by using the reciprocal
f
of f ( x) . What notation would give the reciprocal of f ( x) ?
Important Note: f 1 does NOT mean

Property of Inverse Functions

Let f be a one-to-one function with domain A and range B. Then
1.

f 1  f ( x)  x for every x in A and

2.

f f 1( x)  x for every x in B





Conversely, any function f 1 satisfying these equations is the inverse of f.

Example 4: Let f ( x)  3 x 1 and g ( x)  x3 1. Are f and g inverses? Verify.

We now outline the procedure for finding an inverse function given a one-to-one
function.

Example 5: Let f ( x)  2x  5 . Find f 1( x) and verify your answer.
step 1. Replace f ( x) with y.

step 2. Solve for x.

step 3. Interchange x and y.

Example 6: Let f ( x)  2 x  5 .
1  3x

a. Find f 1( x) .

b. Use your answer to find the range of f.

Example 7: Let f ( x)  x  2 .
a. Find f 1( x) .

b. Sketch the graph of both f and f 1 .

Notice the symmetry of the graphs in the last example. It can be shown that the graph
of a function f and the graph of its inverse f 1 are symmetric with respect to the line

y  x.

Example 8: Use the graph of f to sketch the graph of f 1 .

Classwork(Tear-out page):
Let f ( x) 

6 x  5 . Find 1
f ( x) and use it to find the range of f.
3x  7

Section 6.3
Exponential Functions
Definition(Exponential Function)
An exponential function is a function of the form

f ( x)  a x
where a  0 and a  1 .
The exponential function has two basic shapes. If a  1 we have exponential growth.
If 0  a  1 , we have exponential decay.
Case I: Exponential Growth ( a  1 )

Example 1: Sketch the graph of f ( x)  2x .

Domain:

Range:

y-intercept:

x-intercept:

Equation of horizontal asymptote:

Other:

Case II: Exponential Decay ( 0  a  1 )
x

Example

2: Sketch the graph of f ( x)   1  .
2

Domain:

Range:

y-intercept:

x-intercept:

Equation of horizontal asymptote:

Other:

Definition(The number e)
n


1
e  nlim
1   
 
n


Definition(The natural exponential function)
The natural exponential function is

f ( x)  ex

*Example 3: Sketch the graph of f ( x)  e x  2 using transformations.

after 1st transformation:

basic function: _________________

after 2nd transformation: (final answer)

______________________________

_____________________________

*Example 4: Sketch the graph of f

 
( x)    1 
 3

x 1

using transformations.

after 1st transformation:

basic function: _________________

after 2nd transformation: (final answer)

______________________________

_____________________________

Example 5: Match the equations with the graphs below.

A.

f ( x)  3x

E.

f ( x)  3x1

B.

f ( x)  3 x

F.

f ( x)  3 x

C.

f ( x)  3x

G.

f ( x)  31 x  1

D.

f ( x)  3x  1

H.

f ( x)  31 x

In section 6.6 we look at how to solve a wide variety of equations involving exponential
expressions. For now, we look one particular technique, based on the following:
If

a x  a y , then x  y

Example 6: Solve each of the following.
a. 22 x1  8

b.

5x2 8 1252 x

c.

16x4  645x

d.

ex2  e15x 

1

e54

Classwork(Tear-out pages)
1. Sketch the graph of f ( x)  3x 1 using transformations.

after 1st transformation:

basic function: _________________

after 2nd transformation: (final answer)

______________________________

_____________________________

2. Solve:

9 x15  27x

Section 6.4
Logarithmic Functions
Definition (Logarithmic Function):
Let a be a positive number with a  1 . The logarithmic function with base a, is given
by

y  loga x  a y  x
This says that loga x is the exponent a must be raised to, to get an answer of x.

Example 1: Find the exact value of each of the following:
a. log3 9

b. log2 32

c. log5 125

d. log 4

1
4

e. log6

1
36

f. log2 2

g. log27 3

h. log4 1

i. log4 0

j. log4  1

Two Special Notations
1. log x  log10 x (common logarithm)
2. ln x  loge x

(natural logarithm)

Example 2: Find the exact value of each of the following:
a. log10

b. log100,000

c.

log .01

d. lne

e. ln e4

f. ln

1
e

Properties of Logarithms

1.

loga a x 

2.

aloga x 

Example 3: Simplify each of the following:
a. log2 26

b. log103

c. log3 3x

d. ln e7

log38

e.

3

f.

eln6

g.

10log

7

Notice that if we let f ( x)  loga x and

g ( x)  a x , then by the properties of

logarithms, f and g are ___________________________________________.

This observation leads to the following:
For f ( x)  loga x and

g ( x)  a x

domain of f =

range of f =

The graphs of f and g are symmetric with respect the line__________________

Example 4: Sketch the graph of f ( x)  log2 x .

Domain:

Range:

y-intercept:

x-intercept:

Equation of vertical asymptote:

Other:

Example 5: Sketch the graph of f ( x)  loga x (where a 1).

Domain:

Range:

y-intercept:

x-intercept:

Equation of vertical asymptote:

Other:

*Example 6: Sketch the graph of f ( x)  log   x   2 using transformations.

after 1st transformation:

basic function: _________________

after 2nd transformation: (final answer)

______________________________

_____________________________

*Example 7: Sketch the graph of f ( x)   ln  x  3 using transformations.

after 1st transformation:

basic function: _________________

after 2nd transformation: (final answer)

______________________________

_____________________________

Example 8: Find the domain of each of the following functions.
a.

f ( x)  log  x   2

b.

f ( x)  2 log3  x  5  2

c.

f ( x)  ln x2

d.

f ( x)  1 2 ln  2x  3

To solve equations involving only one logarithmic expression follow these steps:
1. Isolate the log expression.
2. Change the equation to exponential form using the fact that y  loga x  a y  x .

Example 9: Solve each of the following.
a.

log x  2  5

b.

2 log2  2  4 x   6

c.

ln ex  7

d.

log x 144  2

Classwork (Tear-out page)
1. Find the exact value of each of the following:
a. log3  
9
1

b. log2 128

c. ln e

d. log

1
10

2. Find the domain of f ( x)  log  x   2 .

3. Sketch the graph of f ( x)   log  x  2 1 using transformations.

after 1st transformation:

basic function: _________________

_____________________________

after 2nd transformation:

after 3nd transformation: (final answer)

_________________________________

_________________________________

Section 6.5
Properties of Logarithms

Recall:
In the following properties, x and a are positive real numbers, and a 6= 1.
loga 1 =

loga ax =

loga a =

aloga x =

Exercise 1: Find the exact value of each logarithm.
a. log2 2

c. ln ex

b. log 1

d. 4log4 x =

Other Properties of Logarithms:

In the following properties, M , N , and a are positive real numbers, a 6= 1, and r is
any real number.
1. The Log of a Product Equals the Sum of the Logs
loga (M N ) = loga M + loga N

2. The Log of a Quotient Equals the Dierence of the Logs
loga ( M
N ) = loga M − loga N

3. The Log of a Power Equals the Product of the Power and the Log
loga M r = r loga M
207

Exercise 2: Find the exact value of each logarithm.
a. log 108

b. ln e−10

c. eln 6

d. log8 2 + log8 4

e. log6 18 − log6 3

f. 3log3 5−log3 4

208

Exercise 3: Write each expression as a sum and/or dierence of logarithms. Express
powers as factors. Assume that all variables are positive.
a. log2 (32x)

b. log6

x
36

c. log4 x3

d. ln(ex)

209

e. ln

x
e

f. ln

x
ex

g. log2 (x2 y 6 )

h. log

x2
10

210

√

i. ln(x 1 + x2 )

y3 − 1
j. ln
e2


2

√
5x 1 + 2x
k. log
(x − 1)2

211

Exercise 4: Write each expression as a single logarithm. Assume all variables are
positive.Simplify, if possible.
a. log5 10 − log5 2

b. 2 log2 5 + 3 log2 4 − 2 log5 10

c. 4 log x − log y

√

d. ln x − ln x3

212

e. 3 log x1 − log x2 + 2 log x2

f. log(x2 + 3x + 2) − 2 log(x + 1) + 2 log 3

√

g. 8 log2 3x − 2 − log2 x4 + log2 4

213

√

h. 21 log3 3 x + log3 (9x2 ) − log3 9

Note:

loga xr = r loga x

but

(loga x)r 6= r loga x.

Exercise 5: Write an example that illustrates why (loga x)r 6= r loga x.

214

Change-of-Base Formula:

If a 6= 1, b 6= 1, and M are positive real numbers, then

loga M =

logb M
logb a

Exercise 6: Use the Change-of-Base formula to rewrite the given logarithms using
common logs or natural logs.

Rewrite the logs using common logs Rewrite the logs using natural logs
log5 100

log6 200

log2 92

log 12 8

log3 x2

log3 x2

215

216

TEAR OUT PAGE
Exercise 7: Write each expression as a sum and/or dierence of logarithms. Express
powers as factors. Assume that all variables are positive.
√

x2 − 4
a. log
(x + 1)2

(x − 4)2
b. ln
x2 − 1


 23
x>4

217

Exercise 8: Write each expression as a single logarithm. Assume all variables are
positive. Simplify, if possible.

a. log4 (x2 − 16) − 2 log4 (x + 4)

b. 2 log (4x3 ) − 12 log 2x

218

Section 6.6
Logarithmic and Exponential Equations

Four useful facts when solving logarithmic and exponential equations:
1. y = loga x

is equivalent to

x = ay , for a > 0, a 6= 1.

2. If ax = ay , then x = y .
3. If M = N , then loga M = loga N .
4. If loga M = loga N , then M = N .
where M , N , and a are positive real numbers, a 6= 1.

Exercise 1: Solve each equation.
a. 5−x = 25

b. log(x + 6) = 1

219

c. 3 log2 (x − 1) + log2 4 = 5

d. 31−2x = 4x

220

e. log3 (x + 1) + log3 (x + 4) = 2

f.


4 1−x
3

= 5x

221

g. ln x + ln(x − 2) = ln(x + 4)

h. 9x − 3x+1 + 1 = 0

222

TEAR OUT PAGE
Exercise 2: Solve each equation.
a. −2 log4 x = log4 9

b. log4 (x2 − 9) − log4 (x + 3) = 3

223

c. 1.2x = (0.5)−x

d. 3 · 4x + 4 · 2x + 8 = 0

224

Section 6.8
Exponential Growth and Decay Models

Equation to model uninhibited growth:
P (t) = P0 ekt

where P0 is the initial population, t is time, and k is the growth rate (k > 0). P is
the population after time t.

Exercise 1: The size P of a certain insect population at time t (in weeks) obeys the

function

P (t) = 1200e0.02t

a. Determine the number of insects at t = 0 weeks.

b. What is the growth rate of the insect population?

225

c. What is the population of insects after 10 weeks?

226

d. When will the insect population reach 5000?

e. When will the insect population double?

Exercise 2: The population of some rodents obeys the law of uninhibited growth.

There are 100 rodents initially, and there are 180 after one month.

a. Find the function P (t) that represents the population of rodents t months from now.

227

b. What is the size of the colony after 3 months?

c. How long is it until there are 1000 rodents?

228

Equation to model uninhibited radioactive decay:
A(t) = A0 ekt

where A0 is the initial amount, t is time, and k is the decay rate (k < 0). A is the
amount after time t.

Exercise 3: Iodine 131 is a radioactive material that decays according to the function
A(t) = A0 e−0.087t ,

where t is measured in years. Assume that a scientist has a sample of 500 grams of
iodine 131.
a. What is the decay rate of iodine 131?

b. How much iodine is left after 10 years?

229

c. How long does it take until half of the initial amount left (half-life)?

230

Exercise 4: A piece of charcoal is found to contain 30% of the carbon 14 that is origi-

nally had. When did the tree die from which the charcoal came. Use 5600 years as the
half-life of carbon 14.

231

232

TEAR OUT PAGE
Exercise 6: A culture of bacteria obeys the law of unhibited growth.
a. If there are 500 bacteria are present initially and there are 800 after 1 hour, nd the
function P (t) that represent the population of bacteria t hours from now.

b. How many bacteria will be present in the culture after 5 hours?

c. How long it is until there are 20,000 bacteria?

233

Exercise 7: An endangered species of sh has a population that is decreasing exponentially. The population 5 years ago was 1700. Today, only 1000 of the sh alive. a.
Find the function A(t) that represents the population of sh t years from now.

b. Once the population drops below 100, the situation is irreversible. When will this
happen, according to the model?

234

Section 7.1
Conics

Conic sections
Conic sections are curves that result from the instersection of a place and two doublenapped right cones:

235

Section 2.4
Circles

Denition
A circle is a set of points in the -plane that are equidistant from a xed point.
, and the xed point (h, k) is

The xed distance is called the
called the
.

Distance formula
d=

p

(x2 − x1 )2 + (y2 − y1 )2

Exercise 1: a. Use the distance formula to derive the standard form of the equation
of a circle with center (h, k) and radius r.

236

b. Expand the standard from of the equation of the circle to nd the general form of
the equation of a circle.

Summary
The standard form of the equation of a circle with center (h, k) and radius r:

The general form of the equation of a circle with center (h, k) and radius r:

237

Exercise 2: Find the standard and general forms of the equation of a circle
a. with radius 4 and center (−3, 4).

b. with the endpoints of a diameter at (1, 2) and (−7, 4).

238

Exercise 3: Given the general form of the equation of a circle
x2 + y 2 − 6x + 2y + 9 = 0

a. Write the equation in standard form.

b. Find the center, (h, k), of the circle.

c. Find the radius, r, of the circle.

d. Find the intercepts of the circle.

239

240

TEAR OUT PAGE
Exercise 4: Find the center and radius of the circle below. Write both the standard
and general equation of the circle.

241

Exercise 5: Given the general form of the equation of a circle
4x2 + 4y 2 + 24x + 16y − 48 = 0

a. Write the equation in standard form.

b. Find the center, (h, k), of the circle.

c. Find the radius, r, of the circle.

d. Find the intercepts of the circle.

242

Section 7.2
The Parabola

Denition
A parabola is the collection of points in the plane that are equidistant from a xed
point F , called focus and a xed line D, called directrix.

General Equation for the Parabola
The equation of the parabola opening up or down:
(x − h)2 = 4p(y − k)

The parabola opens up if p > 0, and opens down if p < 0.

The equation of the parabola opening left or right:
(y − k)2 = 4p(x − h)

The parabola opens right if p > 0, and opens left if p < 0.

In both equation (h, k) is the vertex, and |p| is the distance from the focus to the
vertex.
243

Latus Rectum
The latus rectum of a parabola is the line segment through the focus perpendicular
to the axis of symmetry with endpoints on the parabola.

Exercise 1: a. Find the equation of the parabola with vertex (0, 0) and focus (0, 2).

b. Find the coordinates of the end points of the latus rectum.

244

Exercise 2: Given the equation of a parabola, y = −x2.
a. Find the focus and the directrix.

b. Find the coordinates of the end points of the latus rectum.

245

Exercise 3: Find the vertex, focus, directrix, and the endpoints of the latus rectum
for the parabola y 2 = −8x.

246

Exercise 4: Find the vertex, focus, directrix, and the equation of the parabola graphed
below.

247

Exercise 5: A satellite dish is shaped like a paraboloid of revolution. If the dish is 14
ft across at its opening and 5 ft deep, where should the receiver be placed?

248

TEAR OUT PAGE
Exercise 6: a. Find the equation of the parabola with focus at (−4, 4) and directrix
line y = −2.

b. Find the coordinates of the vertex, and the coordinates of the endpoints of the latus
rectum.

249

Exercise 7: A reecting telescope contains a mirror shaped like a paraboloid of revolu-

tion. If the mirror is 48 cm across its opening and 36 cm deep, where will the collected
light be concentrated?

250

Section 7.3
The Ellipse

Denition
A ellipse is the collection of points in the plane, the sum of whose distances from
two xed points, called foci, is a constant.

General Equation for the Ellipse
The equation of the ellipse with major axis along the x-axis:
(x − h)2 (y − k)2
+
=1
a2
b2

]

The equation of the ellipse with major axis along the y-axis:

(x − h)2 (y − k)2
+
=1
b2
a2

In both equation (h, k) is the center, a > b > 0 and b2 = a2 − c2 , where 2a is the
length of the major axis, 2b is the length of the minor axis, and c is the distance
from the center to a focus point.
251

Exercise 1: Find the center, vertices, and foci of each ellipse. Graph each equation.
a.

x2 y 2
+
=1
25
4

b. 4x2 + y 2 = 16
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Exercise 2: Find the equation of the ellipse with
a. center at (0, 0), one vertex at (5, 0) and
focus at (3, 0).

b. foci at (0, ±3) and length of the major
axis of 6.
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Exercise 3: Find the center, vertices, and foci of each ellipse. Graph each equation.
a.

(x − 3)2 (y + 1)2
+
=1
4
9

b.
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Exercise 4: Find the equation of the ellipse with
a. vertices at (4, 3) and (4, 9), and focus at
(4, 8).

b. foci at (0, ±3) and length of the major
axis of 6.
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Exercise 5: A bridge is to be built in the shape of a semielliptical arch and is to have

a span of 120 feet and maximum height of 25 feet. Find the height of the arch 10 feet
from the center.
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Exercise 6: Find the center, vertices, and foci of each ellipse. Graph each equation.
a. 9x2 + 4y 2 = 36
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Exercise 7: Find the equation of the ellipse with foci at (1, 2) and (−3, 2), and vertex
at (−4, 2).
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Section 7.4
The Hyperbola

Denition
A hyperbola is the collection of points in the plane, the dierence of whose distances
from two xed points, called foci, is a constant.

General Equation for the Hyperbola
The equation of the hyperbola with center at
along the x-axis:

(h, k)

and transverse axis

(h, k)

and transverse axis

(x − h)2 (y − k)2
−
=1
a2
b2

The equations of the asymptotes:
b
y − k = ± (x − h)
a

The equation of the hyperbola with center at
along the y-axis:
(y − k)2 (x − h)2
−
=1
a2
b2

The equations of the asymptotes:
a
y − k = ± (x − h)
b

In both equation (h, k) is the center, b2 = c2 − a2 , where a is the distance from the
center to the vertex, and c is the distance from the center to a focus point.
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Exercise 1: Find the center, vertices, foci, transverse axis, and the asymptotes of each
hyperbola. Graph each equation.
x2 y 2
a.
−
=1
25
9

b. 4x2 − y 2 = 16
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Exercise 2: Find the equation of the hyperbola with
a. center at (0, 0), one vertex at (1, 0) and
focus at (3, 0).

b. foci at (±5, 0) and vertex at (3, 0).
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Exercise 3: Find the center, vertices, foci, transverse axis, and asymptotes of each
hyperbola. Graph the equation in part a.
(x − 2)2 (y + 3)2
a.
−
=1
4
9

b.
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Exercise 4: Find the equation of the hyperbola with vertices at (1, −3) and (1, 1), and
an asymptote of y + 1 = 23 (x − 1).
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Exercise 5: Find the center, vertices, foci, transverse axis, and asymptotes of the hyperbola. Graph the equation.

4x2 − y 2 − 24x − 4y + 16 = 0
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Exercise 6: Find the center, vertices, foci, transverse axis, and the asymptotes of the
hyperbola. Graph the equation.
x2 − 9y 2 = 9
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Exercise 7: Find the equation of the hyperbola with center at (−3, 1), focus at (−3, 6)
and vertex at (−3, 4).
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