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Thesis Abstract

The focus of this thesis is star coloring planar graphs. A star coloring
of a planar graph is a proper coloring in which no path on four vertices is
colored with just two colors. A graph G is said to be k-star-colorable if G has
a star coloring with at most k colors. The fewest number of colors needed to
star color a graph G is called the star chromatic number of G. It is known
that all planar graphs of girth at least seven can be star colored using at most
9 colors. We prove that all planar graphs of girth at least seven can be star
colored using at most 7 colors. Also, we improve upon the current known
bounds for star colorings of families of planar graphs of girth at least eight.
It is known that there exists a planar graph that requires at least 10 colors to

star color. We prove that there are planar bipartite graphs requiring at least
8 colors to star color, and that there are planar graphs of girth 5 requiring
at least 6 colors to star color. Finally, we prove that there are planar graphs
of girth 6 requiring at least 5 colors to star color.
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Chapter 1

Introduction
1.1

Introduction

Graph Theory is a branch of discrete mathematics in which graphs and their
properties are investigated. The origins of graph theory date back to the mid
1700's when Leonhard Euler solved the K"nigsberg Bridge Problem.
During Euler's time, the city of K"nigsberg had two islands divided
by the Pregel river. There were seven bridges among the two islands and the
main land. A popular question was if it was possible for a person to walk
across the seven bridges without crossing a bridge more than once. Euler
answered the question using an argument that has its most natural setting
in graph theory. While Euler did not specifically use vertices and edges, his
argument suggested graph theory concepts such as a walk in a graph and the
degree of a vertex.
In the mid 1800's, Francis Guthrie posed a problem that also found
its best setting in graph theory. Guthrie asked if it was possible to color the
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regions of a map using only four colors such that no two countries sharing a
border receive the same color. The problem was translated into the language
of graph theory by associating countries with vertices, and joining any two
countries sharing a border by an edge between their corresponding vertices.
In terms of this derived graph, the new problem is to color the vertices with
four colors, such that no two vertices connected by an edge are given the
same color.
Many mathematicians tried to show this could be done. While the
problem is easy to state, it was very difficult to solve. In 1976 Appel and
Hakcn finally produced a solution [3] and the Four Color Problem became the
Four Color Theorem. The Four Color Theorem was verified independently
in 1996 by Robertson, Seymour, Sanders, and Thomas [12] . Both solutions
relied on a technique called discharging, and it took Appel and Haken years
to modify it to produce a complicated proof. Robertson, Seymour, Sanders,
and Thomas used several new ideas to come up with a simpler version of this
discharging proof. Both solutions used computers to handle case analysis.
While the Four Color Problem is now considered to be solved, there is still
hope for a solution that does not use computers.
In 1973, Griinbaum introduced variations on graph coloring. In particular, he introduced star coloring, which is the focus of this thesis. Since
1973 work has been done on star coloring problems. In 2001, Fertin, Raspaud,
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and Reed [6] proved an optimal bound on the star chromatic number for the
family of outerplanar graphs. In 2003, Nesetril and Ossona de Mendez proved
that every planar graph has a star coloring with at most 30 colors. In 2004,
Albertson, Chappell, Kierstead, Kiindgen, and Ramamurthi established the
best known bounds on the star chromatic number for several families of planar graphs. This thesis improves upon these results on star coloring families
of planar graphs. In particular, we prove new upper bounds on the star
chromatic number for planar graphs of high girth. We also construct three
different planar graphs, having girth 4, 5, and 6 respectively, that require
many colors to star color.

1.2

Overview

The next section contains the basic definitions used in graph theory. In
Chapter 2, graph coloring is introduced and star coloring is defined.

In

Chapter 3, star colorings of outerplanar graphs are investigated. In Chapter
4, upper bounds on the star chromatic number for certain families of planar
graphs are established. In Chapter 5, a planar graph of girth 5 requiring at
least 6 colors in any star coloring is constructed. In Chapter 6, a bipartite
planar graph requiring at least 8 colors in any star coloring is constructed.
In Chapter 7, a planar graph of girth 6 requiring at least 5 colors in any star
coloring is constructed. Chapter 8 summarizes the results of the thesis and
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gives ideas for further investigations.

1.3

Definitions

A graph G consists of a finite, non-empty set of vertices V(G), and a set of
edges E(G), and a relation that associates with each edge two vertices, not

necessarily distinct, called the endpoints of the edge. A loop in G is an edge
whose endpoints are equal. Multiple edges in G are edges that have the same
two endpoints. In this thesis, all graphs considered have no loops or multiple
edges.
A graph G is characterized by its vertex set V (G) and its edge set
E(G). An edge e having endpoints x and y is denoted by xy. When xy
is an edge of G, the vertices x and y are said to be adjacent or said to be
neighbors. The set of all neighbors of x is called the neighborhood of x. An

edge e is said to be incident with

.T

if x is an endpoint of e. The degree of a

vertex xis the number of edges incident to x, and is denoted by deg(x). A
vertex of degree 1 is said to be a pendant vertex or a leaf.
The number of vertices of a graph G, denoted by n (G), is called the
order of G. The number of edges of a graph G, denoted by e (G), is called

the size of G.
A useful formula relating the number of edges in a graph G to the
sum of the degrees is:

L:vEV(G)

deg(v) = 2e(G). This formula is called the
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Degree-Sum Formula. To see that it is true, observe that each edge has two
endpoints and so each edge contributes two to the sum of the degrees.
An isomorphism from a graph G to a graph !! is a bijection

.f

V(G)----+ V(H) such that xy E E(G) if and only if f(x)f(y) E E(H). When
a graph G is the focus of investigation, G has a fixed vertex set and the
structural statements regarding G apply to any graph isomorphic to G. The
conclusions made about G areindependent of a particular labeling of the vertices of G. An isomorphism class of graphs is an equivalence class of graphs
where the equivalence relation is determined by the isomorphism relation.
A graph If is a subgraph of a graph G if and only if V (lT)
and E(H)

<:;;;

E(G). If S

<:;;;

<:;;;

V (G)

V(G) then the subgraph induced by S, denoted

by G[S], is the graph with vertex set S and whose edges are all the edges in
E( G) whose endpoints are both in S.

A walk in a graph G is an alternating list of vertices and edges
Xo, ei, XI, e2, ... , en, Xn

xi-I

and

X;.

such that, for 1 ::::; i ::::; n, the edge

e;

has endpoints

An x,y-walk is a walk that has first vertex x and last vertex y.

The length of a walk is the number of edges in the walk. A walk is closed
if the first vertex on the walk and the last vertex on the walk are the same.

A path on n vertices, denoted by Pn, is a graph whose n vertices can be
ordered vi,

11 2 , •.• , Vn

so that E( Pn) = {V;V;+l

:

1 ::::; i ::::; n- 1}. An x,y-path

in a graph G is a path contained in G for which x = vi and y =

Vn·

The
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length of a path is the number of edges in the path. The distance between

two vertices x, y E V (G) is the length of a shortest x, y- path in G.
Let x be a vertex in a graph G. The second neighborhood of .r is the
set of all vertices y

E

V( G) such that the distance between x and y is two.

A vertex in the second neighborhood of xis called a second neighbor of x.
A graph G is connected if for any two vertices x and y in V (G) there
is an x, y-path in G. G is k-connected if the removal of any set of fewer than
k vertices results in a connected subgraph of G having at least two vertices.

A component of G is a connected subgraph that is not contained in any other
connected subgraph of G.
G- v denotes the graph obtained by removing v and all edges incident
to v from G. A cut vertex in a graph G is a vertex v in which the subgraph
G- v has more components than G. G- c denotes the subgraph of G
obtained by removing the edge e from G. A cut edge is an edge e such that
G- e has more components than G.
A cycle is a connected graph in which every vertex has degree two. A
cycle with n vertices is denoted by Cn. When n is even, Cn is called an even
cycle and when n is odd, Cn is called an odd cycle. Cn may also be called

an n-cycle. A cycle having three vertices is called a triangle. The length of
a cycle is the number of distinct edges on the cycle. The girth of a graph is
the length of a shortest cycle in the graph. If the graph has no cycles then
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we will say the graph has infinite girth.
An n-wheel is the graph obtained from Cn by introducing a new vertex
v, called the center of the wheel, and making it adjacent to every vertex in
Cn-

An acyclic graph is a graph that contains no cycles. An acyclic graph
may also be called a forest. A connected acyclic graph is called a tree. A tree
with n vertices is characterized by the next proposition. A proof is in [14] ,
pg. 68.
Proposition 1.3.1. Let T be a graph on n vertices where n > 1.

The

following are equivalent:
1. Tis a tree

2. T is connected and has n-1 edges
3. T has n-1 edges and no cycles

If T is a tree having at least two vertices, then T has at least two
leaves. A proof of this may also be found in [14], pg. 68.
A complete graph is a graph in which every pair of distinct vertices is
adjacent. A complete graph with n vertices is denoted by Kn . An independent set of vertices in a graph G is a subset of V (G) such that no two vertices

in the subset are adjacent. A graph G is bipartite if V(G) is the union of two
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non-empty independent sets, called partite sets of G. A complete bipartite
graph is a bipartite graph in which any two vertices in different partite sets
are adjacent. The complete bipartite graph whose partite sets have order n
and m is denoted by Kn,m· A star graph is K 1 ,m for some positive integer
m. When m 2 2, the vertex of degree min K 1,m is called the center of the
star. When m = 1, we may consider either vertex the center of the star.
To subdivide an edge xy in a graph G, the edge xy is replaced with
the path x, z, y where z is a new vertex not in V (G). We may say that xy is
subdivided by z. The graph having the new vertex z is a subdivision of G.

A subset S' of ~2 is a straight line segment if 8 = {p + l( q - p) 10 ~
t ~ 1} for distinct points p and q in ~ 2 • A curve in ~ 2 is the image of a

continuous map from the interval [0, 1] to ~ 2 • If p and q E ~ 2 are the images
of 0 and 1 respectively, then the curve is said to start at p and end at q.
A polygonal curve is a curve that is the union of finitely many straight line
segments. A polygonal curve is a polygonal p, q-curve if it starts at p and ends
at q. A polygonal p, q-curve is closed if p = q. A polygonal curve is simple
if there are no repeated points except possibly the start coincides with the
end. If C is a polygonal p, q-curve, then the point set C\ {p, q} is called the
interior of the curve C.

An open set in the plane is a subset 8 s:;;; ~2 such that for any point
p E S, there is a positive real number .: such that any point having distance
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top smaller than t: is contained inS. A region is an open setS that contains
a polygonal p, q-curve for any two points p and q E S. The boundary of a
set 0 ~ IR2 is the set C of all points

.1:

E

JR 2 so that every open set around

:1:

contains points from both 0 and IR 2 \ 0. A special case of a deep theorem in
topology, known as the Jordan Curve Theorem, is the following.

Theorem 1.3.2. Restricted Jordan Curve Theorem. If C ~ IR 2 zs a
simple, closed, polygonal curve, then R?\C has exactly two regions, each of
which has C as its boundary.
A proof of this theorem may be found in [14] pg. 235.
A graph G with vertex set V(G) and edge set E(G) is said to be a
plane graph if V (G) is a set of distinct points in IR 2 , each edge corresponds
to a simple polygonal curve in IR 2 which starts at one of its incident vertices
and ends at the other, and the interior of the curve corresponding to any
edge contains no vertex and no point of any other curve.
A drawing of a plane graph G is the set of points in IR 2 used to
represent the vertices and edges of G, and is denoted by

G.

A graph is a

planar graph if it is isomorphic to a plane graph. A drawing of a plane graph
is said to be an embedding of the planar graph.
Given a plane graph G, and a drawing

G of G,

the set IR 2 \G is open

and its maximal regions are the faces of G. That is, the faces of G are the
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maximal regions of JR. 2 that contain no point used in the embedding of G.
The set of all faces in an embedding of G is denoted by F (G). Since there
arc different drawings of a planar graph, the faces of a graph arc specific to
its embedding. If D is a disc in JR. 2 containing

G, then

the face containing

lR. 2 \D is called the outer face of G.

Given a plane graph G, with drawing

G, the vertices and edges con-

tained in the boundary of a face f of G form a plane subgraph of G called
the facial boundary of f. When a graph is 2-connected the facial boundaries
of the graph are described by the following lemma.
Lemma 1.3.3. If G is a 2-connected plane graph, then every facial boundary

is a cycle.

A proof of this lemma may be found in [5] pg. 89.
If G is a plane graph, then the length of a face in G, denoted l(f),

is the total length of a shortest closed walk in G bounding the face. If G
is a 2-connected plane graph, then the length of f is the length of the cycle
bounding f.
If G is a connected plane graph, then Euler 's Formula gives a rela-

tionship between the number of vertices, edges, and faces of G. Let n be the
number of vertices, e be the number of edges, and f be the number of faces
of a connected plane graph G. Then Euler's Formula states n - e + f = 2.
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A proof of Euler's Formula may be found in [14] pg.241.
Another useful equation for plane graphs is 2e( G) = L_ fEF(G) l (f). To
see that this formula is true, observe that each side of each edge is counted
once when summing up the face lengths. Since an edge has two sides, each
edge contributes 2 to the sum of the face lengths.
A relationship between the girth of a plane graph and the length of
its faces is given by the following lemma.
Lemma 1.3.4. If G is a connected plane graph with girth g where g is finite,

then l (f) 2: g for all faces f in G.
Proof. Let G be a connected plane graph with girth g. We claim that the

boundary of every face

f contains a cycle. We claim that the boundary of

f is a cycle. Suppose the boundary of f is acyclic. Since G is connected,
Proposition 1.3.1 implies that the boundary of

f must be a tree T. But

T is connected, so by Euler's Formula, it follows that

(n - 1) - n

+2 =

I = e-

n

+2 =

1 so that T has only one face. Thus G has only one face

and G = T is a tree. By definition, trees have girth infinity which contradicts
the fact that g is finite. Therefore the boundary off contains a cycle C, such
that l(j) 2: IE(C)I 2: g.

D

An outerplane graph G is a plane graph in which every vertex lies
on the boundary of the outer face. An outerplanar graph is a graph that
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is isomorphic to an outerplane graph. An outerplanar bipartite graph is a
bipartite graph that is isomorphic to an outerplane graph.
A directed graph or digraph

f)

is a triple consisting of a non-empty

vertex set V (D) , an arc set A (D), and a relation assigning each arc an ordered
pair (x, y) of vertices. The ordered pair (x, y) may also be denoted by x

---t

y.

The first vertex of the ordered pair is the tail of the edge, and the second is
the head. An orientation of a graph G is a digraph D obtained by choosing
an orientation (x

---t

y or y

---t

x) for each edge xy E E (G). Let v be a vertex

in a directed graph. The outdegree of v is the number of arcs with tail v.
The indegree of vis the number of arcs with head v. An out-neighbor of 7' is
a vertex u such that u

---t

v is an arc with tail v and head u. An in-neighbor

of v is a vertex u such that u

---t

v is an arc with tail u and head v .

A thorough introduction to graph theory may be found in Introduction
to Graph Theory by Douglas B. West [14] .

Chapter 2

Graph Coloring
2.1

Graph Coloring

This section introduces the basic: definitions and results in graph coloring.

Definition 2.1.1. Let C

= {c1 , c2 , ... , ck} be a set of k elements, called

colors. A k-coloring of a graph G is a function c : V( G)

----*

C that assigns

a color to each vertex of G. A proper k-coloring is a coloring c such that
if :1:y E FJ( G) then c(:r)

i=

c(y). G is said to be k-colorable if there exists a

proper coloring of G using k colors. The fewest number of colors needed in a
proper coloring of G is called the chromatic number of G, denoted by x(G).
A color dass is the set of all 1•ertices that have been assigned the same .fi.r-ed
color.

The first documented graph coloring problem is the Four Color Problem mentioned in the introduction. The Four Color Problem was solved by
Appel and Haken in 1976 using a method called discharging, which we will
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also use in Chapter 4. In 1996 Robertson, Seymour, Sanders, and Thomas
used discharging to give a simpler solution to the Four Color Problem. The
answer to the Four Color Problem is the Four Color Theorem, which states
the following.
Theorem 2.1.2. (Four Color Theorem}. If G is a planar graph then

x(G):::; 4.
Since K 4 is a planar graph that requires four colors to properly color,
the upper bound established by the Four Color Theorem is best possible,
that is, the upper bound is tight.
In 1973, Griinbaum [7] introduced variations on coloring including
acyclic coloring and star coloring. An acyclic k-coloring of a graph is a proper
coloring using k colors in which no cycle is colored using just two colors. In
other words, a proper coloring is acyclic if the subgraph induced by the union
of two color classes is a forest. The acyclic chromatic number of a graph G is
the fewest number of colors needed in an acyclic coloring of G. The acyclic
chromatic number of a graph G is denoted by Xa (G). In [7], G riinbaum
constructed a planar graph that is not acyclically 4-colorable. Griinbaum
also proved that if G is a planar graph then Xa( G) :::; 9, but conjectured that
every planar graph could be acyclically colored using at most five colors. In
1979, Borodin [4] proved the conjecture using discharging methods.
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Theorem 2.1.3. (Borodin, 1919}. If G is a planar graph then Xa( G) :S 5.

This significant accomplishment established a tight bound on the
acyclic chromatic number for planar graphs.
There are many other graph coloring problems, and graph coloring
need not be restricted just to planar graphs. For more information on the
topic of graph coloring, the reader is referred to a book on Graph Coloring
by Jensen and Toft [8].

2.2

Known Results on Star Colorings of Graphs

As mentioned in the previous section, star coloring was introduced by Griinbaum
in 1973.
Definition 2.2.1. A star coloring of a graph is a proper coloring such that
no path on four vertices is colored with just two colors. A graph G is said to
be k-star colorable if G has a star coloring with at most k colors. The star
chromatic number of a graph G, denoted by Xs (G), is the fewest number of
colors needed in a star coloring of G.

The name star coloring comes from the fact that in a star coloring
of a graph, the subgraph induced by the union of two color classes is a star
forest. A star forest is a forest in which each component is a star.
In 2001, Fertin, Raspaud, and Reed [6] investigated star colorings
of planar graphs. Among their various results, they determined the star
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chromatic number for some specific families of planar graphs such as trees,
grids, and cycles. The following result about outerplanar graphs is most
relevant to this thesis:
Theorem 2.2.2. (Fertin, Raspaud, Reed, 2001) If G is outerplanar, then

G has a star coloring with six colors and there is an outerplanar graph that
requires 6 colors to star color.
In 2003, Nesetl'il and Ossona de Mendez [ll]made a substantial improvement on the upper bound of the star chromatic number of planar graphs.
They proved that every planar graph can be star colored with 30 colors. The
previously best known bound was 80 colors. They also proved that every
planar bipartite graph can be star colored with 18 colors.
In 2004, Albertson, Chappell, Kierstead, Kiindgen, and Ramamurthi
[1] proved several results on star coloring families of planar graphs. They
constructed a simpler outerplanar graph requiring 6 colors to star color and a
planar graph requiring 10 colors to star color. They also proved the following
theorem that established the best known upper bounds for certain families
of planar graphs.
Theorem 2.2.3. (Albertson, Chappell, Kierstead, Kundgen, Ramamurthi,

2003) Let G be a planar graph. If G has girth 7, then G can be star colored
using 9 colors. If G has girth 5, then G can be star colored using 16 colors.

17

If G has girth 3, then G can be star colored using 20 colors.

In 2004, Sanders [13] established a tight bound on the family of outerplanar bipartite graphs.
Theorem 2.2.4. (Sanders, 2004) Let G be an outerplanar bipartite graph.
Then G can be star colored using 5 colors and this bound is best possible.

Table 2.1 shows the current known upper and lower bounds for the
star chromat ic number for different families of planar graphs. The tahle
includes the improvements in the bounds that are made by this thesis . A
dash has been put in places where no improvement has been made.
Girth
g

3
4
5

6
7
8-9

10-13
14+

Known
lower bound upper bound
10
20
6
20
4
16
4
16
4
9
4
9
4
9
4
9

Thesis
lower bound upper bound

8
6

-

5

-

-

7

-

5

6
4

Table 2.1 : Known results and results of this thesis
All of the best known bounds shown in the table are established in
[1] except for the lower bound for girth 4 planar graphs. The lower bound
for girth 4 planar graphs was established independently by Kierstead [9] and
Kiindgen [10]. In [10], it is also shown that planar bipartite graphs can be
star colored with 14 colors.
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In Chapter 3, we prove that outerplanar graphs of girth 4 can be star
colored with 5 colors, and outerplanar graphs of girth 5 can be star colored
with 4 colors. These results combined with the results in [6] and [13] establish
the best possible bounds for the family of outerplanar graphs.

2.3

Star Coloring Planar Graphs

A useful equivalent to star coloring is in-coloring. In-coloring was used in [1],
[11], and [13] . We will use in-coloring in this thesis as well.
Definition 2.3.1. An in-coloring of a graph G is a proper coloring such that
there exists an orientation of G in which any two colored P3 has its edges
oriented into the middle vertex (See Figure 2.1) . If G has an in-coloring
with k colors, then G is said to be k-in-colorable.

1

2

1

Figure 2.1: In-colored ?3
The equivalence of the two types of coloring is established by the next
proposition.
Proposition 2.3.2. A graph G is k-star colorable if and only if G has an
in-coloring with k colors.
Proof. Suppose G is k-star colorable and consider a star coloring of G using
k colors. Consider the subgraph induced by the union any two color classes.
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Form an orientation of G by directing each edge towards the center of each
star. This gives an in-coloring of G with k colors.
Conversely, suppose G has an in-coloring with k colors and let :r:y z t
be an arbitrary P4 in G. Assume yz is oriented into z (See Figure 2.2) . Then
since xyz is a P3 , both of whose edges are not directed into the middle vertex,
x, y, and z must all have distinct colors and so xy zt is not 2-colored.

y

X

z

D

t

Figure 2.2: Arbitrary P4 in G

It is known that Xs(C5 )

=

4 and that trees and forests are 3-star

colorable. These facts will be used later in the thesis. For completeness, we
prove them now.
Proposition 2.3.3. Xs( C5) = 4
Proof. Suppose C 5 can be star colored with just three colors. Since a star

coloring must also be a proper coloring, two colors must appear exactly twice.
The four vertices colored with these two colors form a 2-colored P4 .
A star coloring of C5 using four colors is shown in Figure 2.3.

D

20
4

Figure 2.3: Star coloring of C5 using 4 colors
Before proving trees are 3-star colorable, some preliminary definitions
are needed. The definition below relies on Proposition 1.3.1.
Definition 2.3.4. A rooted tree is a tree with one vertex r chosen to be a
distinguished vertex called the root. The level of a vertex v in a rooted tree is
the length of the unique rv-path in the tree.

There are no edges between vertices of the same level since this would
create a cycle in the tree. With the exception of the root, each vertex on
a level is adjacent to exactly one vertex, called the parent, in the previous
level.
Proposition 2.3.5. LetT be a tree. Then T has an in-coloring with 3 colors,
in which every vertex has outdegree at most 1.
Proof. LetT be a rooted tree with root r . Let L(v) be the level of v in T. For

each vertex v in T, assign v color L (v) modulo 3 and orient all edges towards
the root. We show this is an in-coloring ofT with outdegree at most 1.
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This coloring is a proper coloring since no two vertices on the same
level are adjacent. Let xyz be a 2-colored P 3 in T. Then x and z have been
assigned the same color and so :r: and z must be on the same level. Since a
vertex can have only one parent and y is adjacent to both x and z, y must
be a parent of both x and z. Thus xy and zy are oriented into y and so the
edges of this 2-colored P 3 are oriented towards the middle vertex. Since each
vertex has just one parent, the outdegree of each vertex is at most 1.

Proposition 2.3.6. LetT be a tree. Then Xs(T)

~

D

3.

Proof. By Proposition 2.3.5, T has an in-coloring with 3 colors. By Propo-

sition 2.3.2, this is also a star coloring of T with 3 colors.

Corollary 2.3.7. Let G be a forest. Then Xs(G)

~

D

3.

Proof. Let G be a forest. Since each component of G is a tree, we may star

color the components of G with 3 colors by Proposition 2.3.6. The 3-star
coloring of the components gives a 3-star coloring of the forest.

D

In [1], it was shown that for arbitrarily high girth, there are outerplanar graphs that require four colors in any star coloring. This result will be
used in this thesis and the proof is presented for completeness.
Let g be a positive integer with g 2:: 4. Let x 1 , x 2 , ... , x 9 be a cycle of
length g. Add isolated vertices
Call this graph

c:.

Yb

y2 , ... , y9 . Add edges XiYi for 1 ~ i ~ g.
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Figure 2.4:

Ct.

Proposition 2.3.8. Xs(c;) = 4 when g is not divisible by 3.

Proof. We first show that
XI from

c_:.

c: has a star coloring with four colors. Remove

The resulting graph is a forest and by Corollary 2.3.7, is 3-

star colorable. Give XI a fourth color. There are no 2-colored P4 's using :ci
since the color assigned to xi appears just once. There are no 2-colored P4 's
without xi since the forest has been star colored. Therefore this is a 4-star
coloring of

c:.

Now suppose

c: has a star coloring with three colors. Let c be the

proposed coloring. Assume c(xi) = 1 and c(y1) = 2. For the coloring to be
proper, x 2 must be assigned color 2 or 3.
Suppose c(x2) = 2.

To avoid a 2-colored P4 , x 3 and Y2 must be

assigned color 3. This forces the rest of the coloring of the cycle and the
pendant vertices.

In particular, c(x 4 ) = c(y3) = 1, c(x 5) = c(y4 ) = 2,

c(:1:6) = c(y5 ) = 3, etc. If g is congruent to 1 modulo 3, then c(:~: 9 ) = 1 and
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the coloring is improper since x 9 is adjacent to x 1 . If g is congruent to 2
modulo 3, then c(x9 ) = 2, c(x 9 _ 1 ) = 1 and x 9 _ 1 x 9 x 1 y 1 is a 2-colored P4 . In
either case, the coloring is not a star coloring. This shows that for any ·i, i/i
and

Xi+I

cannot be assigned the same color.

Since only three colors are available, x 2 and x 9 must be assigned color
3. To avoid a 2-colored P4 , color 1 is forbidden on x 3 and y2 • For the coloring
to be proper, color 3 is forbidden on x 3 and y2 . Therefore c(x 3 ) = c(y2 ) = 2
but this contradicts the conclusion of the previous paragraph. Thus,

c_: has

no star coloring with 3 colors.
D

Proposition 2.3.9. Let g be a positive integer with g 2: 3. There exists an
outerplanar graph of girth g requiring four colors in any star coloring.
Proof. If g is not divisible by 3, then

c: has girth

g and by Proposition 2.3.8

requires at least four colors to star color.
If g is divisible by 3, take a copy of G_g and a copy of

graph G. By Proposition 2.3.8,
Since G contains
as well.

c_:+l

c:+l.

Call this

requires at least 4 colors to star color.

c:+l as a subgraph, G requires at least 4 colors to star color
D

The following definition of a k-cluster will be used repeatedly in Chapters 3, 5, and 6.
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Definition 2.3.10. Let v be a vertex that has been assigned color c(v). A
k-cluster with center v is a star colored graph G such that:

1. G has vertex set { v , x1, .1:: 2 , ... , :r:k , ?11 , y2 , ... , Yk} where the Yi 's need not
be distinct
2. v has k distinct neighbors x1, x 2 , . . . , xkl and
3. each neighbor

Xi

of v is adjacent to a vertex

Yi

::/= x with c(yi ) = c(x) .

Call the k neighbors of v the special neighbors of v. The edge

X iY i

is

said to be a leg of the k-cluster.

2

.:r l

1

Y1

Figure 2.5: A 3-cluster with center v and legs

X1Y1, X2Y2,

and X3Y3

Note that since a k-cluster has a star coloring, all of the neighbors of
v must be assigned distinct colors. If two neighbors of v were assigned the

same color, say x i and Xj, then YiXivxi is a 2-colored ?4. This is impossible
since the k-cluster is star colored.
Suppose z is a neighbor of v where v is the center of a k-cluster.
When star coloring, z cannot be assigned any of the colors given to the
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special neighbors of v or the color given to v itself. If z is assigned the color
given to v, then the coloring would not be proper. If z is assigned one of the
colors given to a special neighbor

:Di ,

then

zv:I;iYi

is a 2-colored P4 .

An important note is that when k ;::: 2, the structure of a k-cluster is
not uniquely defined. For instance, v is the center two different 2-clusters in
Figure 2.6.
1

2

3

1

1

2

3

Figure 2.6: 2-clusters with center x
For the purposes of this thesis, the structure of the k-cluster is not
the primary concern. The primary concern is that the center of the k-cluster
has its neighbors and second neighbors colored in a certain way. From this
point of view, for each fixed k, all k-clusters will be considered equivalent.
When a k-cluster is attached to a vertex in a graph, one may choose any
k-cluster as a representative from that class.
The constructions that will be presented in Chapters 3, 5, and 6 frequently make use of k-clusters by attaching them to graphs in the following
specific fashion : the center of the k-cluster is identified with a vertex in
the existing graph, but the other vertices in the k-cluster are new vertices
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not contained in the vertex set of the graph. This motivates the following
definition.
Definition 2.3.11. Let v be the center of a k-cluster C with legs X1Y1,
Let G be a graph and let v be a vertex in G with x 1 , x 2 , ... , xk, Yl,

... ,

XkYk ·

Y2, ... ,

Yk

not in G. Attaching C to v in G results in a graph with vertex set V(G) U
V(C), where V(G)nV(C)

= {v}, and edge set E(G)UE(C), in which V(C)

is colored as in C.

For example, let

vl,

v2, and

V3

be the vertices in

c3.

The graph

obtained by attaching a 1-cluster to v1 is shown in Figure 2.7.
1

2

Figure 2.7: A 1-cluster attached to v1 in C3.
A proposition that will be used in Chapters 3, 5, and 6 is the following.
Proposition 2.3.12. Every proper coloring of K 1 ,n with at most n colors
must contain a 1-cluster.
Proof. Suppose such a coloring is possible. Assume the vertex of degree n has

been assigned color 1. For the coloring to be proper, color 1 is forbidden on
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all pendant vertices. To avoid a 1-cluster, each pendant vertex must receive
a distinct color. Since there are n pendant vertices and only n - 1 available
colors, the proposed coloring cannot be completed.

0

Chapter 3

Outerplanar Graphs
3.1

Outerplanar graphs

It is known [13] that every outerplanar bipartite graph can be star colored
with 5 colors, and that there exist outerplanar bipartite graphs that require
5 colors to star color.

In the next section, we construct an outerplanar

bipartite graph that requires 5 colors to star color that is different from the
one constructed in [13]. It is also known [6] that every outerplanar graph can
be star colored with 6 colors, and that there are outerplanar graphs of girth
3 that require 6 colors to star color. In section 3, we establish tight bounds
on the star chromatic number for outerplanar graphs of girth greater than 3.

3.2

Outerplanar construction

In this section, we construct an outerplanar bipartite graph that requires 5
colors to star color. This result was first proved hy Kiindgcn and Chappell

[?]. A much smaller construction was then given by Sanders [13]. Here
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another construction is given that illustrates our construction method.
Let y 1, y2, .. . , y7 be a path on seven vertices. Add a new vertex v and
edges vy 1 , vy3 , ·u y5 , and vy 7 , Call this graph G1 (See Figure 3.1) .
v

Vt

Figure 3.1: G1

Lemma 3.2.1. Attach a 1-cluster C to v in G 1 . Let

G1 =

G 1 U C . When

four colors are available, the coloring of the 1-cluster cannot be extended to
a star coloring of G1 without creating a 2-cluster.
Proof. Suppose such a coloring r: is possible. Assume v has been assigned

color 1 and the special neighbor of v has been assigned color 2. Observe
that since the coloring is proper, color 1 is forbidden on y1 , y3 , y5 , and Y7·
Furthermore, color 1 is forbidden on y 2 , y4 , and y6 since no 2-cluster is
formed. Color 2 is forbidden on y 1 , y3 , y5 , and Y1 so that there is no 2-colored

P4.
Fori = 1, 3, or 5, if c(yi) = c(yi+ 2 ) then Yi+ 2 is the center of a 2-cluster
with legs vy; and Yi+tYi· Colors 3 and 4 are interchangeable, so without loss
of generality assume c(yl) = c(y5 ) = 3 and c(y3 )

= c(y 7 )

= 4 (See Figure 3.2).
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1
2
1 v

Figure 3.2: Partial coloring of

G1

The only color available for y2 , y4 , and y6 is color 2. If these vertices
are assigned color 2, then y4 is a center of a 2-cluster with legs Y3Y2 and Y5Y6·
Therefore, the proposed coloring cannot be completed.

D

Let v and w be two isolated vertices and let Y1, Y2, Y3, Y4, Y5 be a path
on five vertices. Add edges vy 1 , vy3 , vy 5 , and y 3 w. Call this graph G2 (See
Figure 3.3).
v

Y~

w
Figure 3.3: G2

Y5
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Lemma 3.2.2. Attach a 2-cluster C to v in G2. Let G2

= G2 U C.

When

four colors are available, the coloring of the 2-cluster cannot be extended to
a star coloring of CJ2.

Proof. Suppose such a coloring c is possible. Assume v has been assigned

color 1 and the special neighbors of v have been assigned colors 2 and 3. For
the coloring to be proper, color 1 is forbidden on Y1: y3 , and y5 . To avoid a
2-colored P4, colors 2 and 3 are also forbidden on y 1 , y3, and Y5· The only
color available for these vertices is color 4 (See Figure 3.4).

1

1

2

3

w

Figure 3.4: Partial coloring of

G2

Then y3 is the center of a 3-cluster with legs vy1, Y2Y1, and Y4Y5· Each
special neighbor of y3 must be assigned a distinct color so the special neighbors of y 3 must be assigned colors 1,2, and 3. Color 4 is forbidden on w since
w is adjacent to y3 . Colors 1,2, and 3 are forbidden on w since these colors
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are assigned to the special neighbors of y3 . Hence no color is available for w
and the proposed coloring cannot be completed.

D

Let G be the graph constructed as follows. For every leaf vertex x
in K 1 ,4 , attach an isomorphic copy of G 1 by identifying x with v where v is
shown in Figure 3.1. Call this graph G' . For every vertex yin G', attach an
isomorphic copy of G 2 by identifying y with v where vis shown in Figure 3.3.
This completes the construction of G.

G is bipartite since each graph used to construct G is bipartite and the
graphs are put together so that no odd cycles are created. G is outerplanar
since each graph used to construct G is outerplanar and each Gi is attached
at exactly one vertex. Lastly, G is planar since each graph used to construct
G is planar.
Theorem 3.2.3. Xs(G) 2: 5
Proof. Suppose G can be star colored with four colors.

Let c be such a

coloring. By Lemma 2.3.12, K 1 ,4 must contain a 1-cluster. Let x be the
center of this 1-cluster. By Lemma 3.2.1, the copy of G1 attached to :r: must
contain a 2-cluster. Let y be the center of this 2-cluster (it is not necessary
that y

i

x) . By Lemma 3.2.2, the copy of

G2

attached toy cannot be star

colored when only four colors are available. This shows the proposed coloring
cannot be completed.

D
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It is worth mentioning that the graph constructed by Sanders has only

38 vertices. The graph G constructed above has 280 vertices. The advantage
to the above construction is that the proof is shorter. It also illustrates our
usage of k-clusters in more complicated constructions.

3.3

Outerplanar upper bounds

In this section we prove that outerplanar graphs of girth 4 can be star colored
using 5 colors. We also prove that outerplanar graphs of girth 5 can be star
colored using 4 colors. Both of these results are best possible. Before proving
these two upper bounds, some structural properties of outerplanar graphs
must be established.
Lemma 3.3.1. Let G be a connected outerplane graph of girth g ?: 3. G is

a subgraph of a 2-connected outerplane graph H in which H has girth g.
Proof If G is not connected, then a single edge may be added between each

pair of different components of G in a minimal way until G is connected. The
resulting graph will still have girth g since no new cycles are created upon
adding one edge between two components. This graph is outerplanar since
each new edge was added in the exterior face, and contains G as a subgraph.
Therefore, it may be assumed that G is connected.
If G has no cut-vertices, then G is 2-connected and we take H = G.

Suppose G is not 2-connected. Let v be a cut-vertex in G.

Since G is
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embedded in the plane, the neighbors of v may be labeled v1 , v 2 , ... , vk in
a clockwise order around v. The labeling is done so that v1 and vk are in
diff~rcnt

components of G- v.

Identify pairs of vertices vi and vi+l for each 2 :::; i :::; k - 1 whenever
vi and vi+ 1 are in different components of G - v. For each identified pair,

insert edge vivi+l· This creates a triangle. If g = 3, then this triangle is not
a problem. If g 2: 4, subdivide vivi+l (g- 3) times. The new face has length
g so no short cycles have been created.

Each inserted edge lies on the outer face and so the vertices resulting
from the subdivisions also lie on the outer face. Since the edge .,, 1 vk is never
added, v still lies on the outer face and the resulting graph is outerplanar.
This process is repeated for each cut-vertex in G.

Let H be the

resulting graph. Since H has no cut-vertices, H is 2-connected. Also, H is
outerplanar with girth g and contains G as a subgraph.

D

Definition 3.3.2. Let G be a plane graph with vertex set V and edge set E.
Let F be the set of all faces of G. A plane graph G* with vertex set V* and
edge set B* is a dual of G if there are bijections g : F

----->

V* and h : FJ

----->

FJ*

that satisfy the conditions:

1. For each face

IE

F, g(f)

=

v* is a point contained in

2. If e zs an edge in G and h(e)

f.

e*, then the interiors of e and e*
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intersect in one and only one point. Additionally, this is the only point
in which e intersects the drawing of G* and e* intersects the drawing
of G.

3. If e is on the boundary of faces .fi and fi, then h(e) has g(./i) and g(/j)
as its endpoints.

If the vertex in G* that corresponds to the outer face of G is deleted,

then the resulting graph is called the weak dual of G, denoted by WG. Any
two duals of a plane graph G are isomorphic so G* is well defined.
Proposition 3.3.3. The weak dual of a connected outerplane graph is a

forest.
Proof. Let G be a connected outerplane graph and let W G be the weak dual

of G. Suppose that W G is not a forest. By definition, W G must contain
a cycle C. The drawing
Curve Theorem,

a of C is a simple, closed curve so by the Jordan

C divides

the plane into two regions R 1 and R 2 . One of

these regions contains the outer face of G, say R 1 . For each vertex
there is a face f E G such that
is an edge
where

e*

e E

v;

E

v; on C,

f. By the definition of the dual, there

E (G), in the facial boundary of f so that e corresponds to e*,

is an edge in C. Since

e

crosses C at e*, one of the endpoints of

e

must lie in R2 . The endpoint of e lying in R2 does not lie on the outer face.
This contradicts the fact that G is an outerplane graph.

D
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Proposition 3.3.4. Let G be a 2-connected outerplane graph of girth g. If
G is not a cycle, then G has an inner face f that shares just one of its edges
with another inner face.
Proof. Let G be a connected outerplane graph of girth g.

By Proposi-

tion 3.3.3, the weak duall-FG of G is a forest. Choose one of the components
of WG. By definition, it is a tree. Call this tree T.
If T has just one vertex, say v*, then the face

.f corresponding to

n*

must be bounded by a cycle C and the exterior of C contains the exterior
face. Since G is 2-connected, C = G which contradicts the fact that G is
not a cycle. Therefore, T must have more than one vertex and so there is a
vertex v* in T of degree 1 in T.
Let f be the face associated with v*. Vertex v* has exactly one neighbor and so f must share exactly one of its edges with another face f'. Note

f'

is not the outer face, since W G does not have a vertex corresponding to

the outer face. Therefore, f shares just one edge with f', and shares no edges
with any other inner face.
Theorem 3.3.5. Every 2-connected outerplane graph of girth at least

D

4 can

be in-colored using at most 5 colors such that the outdegree of any vertex is
at most 2.
Proof. Let G be a 2-connected outerplanar graph of girth 4. The proof is by
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induction on the number of vertices of G. If G has fewer than five vertices
then G must be C4 . Assign a distinct color to each vertex of C4 and orient
the edges cyclically. This gives the desired coloring to C4 .
Assume the result holds for any 2-connected outerplane graph with
fewer than k vertices for k 2: 5. Let G be a 2-connected outerplane graph
with k vertices. By Proposition 3.3.4, G has a face f that shares just one of
its edges e with another face

f'

in G where f and

f'

are both inner faces.

Let v1. v2, .. . , Vk be the vertices on the boundary of f in clockwise order,
where

e

= v1 Vk · Remove v2 , v 3 , . . . , vk - l from G. Let G' be the resulting

graph. Before applying the induction hypothesis to G', we must show that
G' is outerplanar and 2-connected.

To see that G' is still outerplanar observe that all the vertices of G lie
on the outer face , so since G' is a subgraph of G, all the vertices of G' lie on
the outer face. To show G' is 2-connected, we will show that G' is connected
and has no cut-vertex.
Let x and y be vertices in G'. Then since G is connected, there is an
:1: , y-path

in G. If this path includes

edge in G' , we may remove v2 , v3 , . .
If this path does not include v 2 v 3

~'I v2 v 3 . . . vk-l vk ,

. , vk - I

... vk - l,

and use edge

then since
v 1 vk

V (llk

is an

in the x. y-path.

then this must also be a path in

G'. This shows G' is connected.
Suppose G' has a cut-vertex u . Then G' - u has more than one
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component. Let x andy be vertices in two different components. Then there
is no x, y-path in G'- u. Since G is 2-connected, G- u is connected and so
there is an

.7:,

y-path in G- u. Since this path, say P, is not G'- u it must

include the path v1v2v3 ... vk-lvk. Removing v2, v3, ... , vk-1 and adding edge
v1 vk gives an x, y-path in G' -u, a contradiction. Thus, G' has no cut-vertices.
We conclude that G' is 2-connected.
We apply the induction hypothesis to G'. To show the coloring can
be extended to G, we consider three cases depending on the size of k. Since
G has girth 4 and G is 2-connected, observe that k

Case 1: k

2: 4.

=4

Without loss of generality, assume v1 v4 is oriented into v1 .

Also,

assume that the outneighbors of v1 have been assigned colors 1 and 2, v1 has
been assigned color 3, v4 has been assigned color 4. There are two distinct
possibilities for the other outneighbor of v4 . Either the outneighbor of v4 is
assigned color 1 or color 5. We will handle both possibilities simultaneously
and in the figures we will write 1,5 as the possible colors assigned to the
outneighbor of v5 (See Figure 3.5).
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.1

.?_

.'1 ,5

Figure 3.5: In-coloring of G'
It is possible for v1 and v4 to have no outneighbors but in this case
more colors are available to extend the coloring to G. Therefore, it is safe to
assume that the outneighbors of v1 and v4 are present.

orientation to G in which each vertex has outdegree at most 2 (See Figure
3.6).

Figure 3.6: In-coloring of G
Colors 1, 2, 3, and 4 are forbidden on v2 so assign v2 color 5. Colors
1, 3, 4, and 5 are forbidden on v3 so assign v3 color 2. This extends the
in-coloring to G.
Case 2: k = 5

40

We make the same assumptions made in Case 1 in terms of the coloring
and orientation obtained from applying the inductive hypothesis to G'.

Figure 3.7).

Figure 3. 7: Orientation of G
Colors 1,2, and 3 are forbidden on v1 so assign v1 color 4. Colors 1,
2, 4, and 5 are forbidden on v4 so assign v 4 color 2. Colors 2,3, and 4 are
forbidden on v3 so assign v 3 color 1. This extends the in-coloring to G (See
Figure 3.8).

Figure 3.8: Coloring extended to G
Case 3: k 2::6
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In this case we add edge v 1v 4 . Note that the cycle v1 V4V5

.. .

vkvl still

has length at least 4. The argument used in Case 1 can be applied to the
D

Corollary 3.3.6. Every 2-connected outerplane graph of girth at least

4 has

a star coloring with at most 5 colors.

Proof. Let G be a 2-connected outerplane graph of girth at least 4.

By

Theorem 3.3.5, G has an in-coloring with 5 colors. By Proposition 2.3.2, this
is also a star coloring of G with 5 colors.
Theorem 3.3.7. IfG is an outerplane graph of girth at least 4 then

D

x. (G):::;

5 and this bound is best possible.
Proof. Let G be an outerplane graph of girth at least 4. By Lemma 3.3.1, G

is a subgraph of a graph H in which H is 2-connected and H has girth 4. By
Corollary 3.3.6, H has a star coloring with at most 5 colors. This coloring is
also a star coloring of G with at most 5 colors.
By Theorem 3.2.3, there is an outerplane graph of girth 4 requiring 5
D

colors to star color.

Theorem 3.3.8. Every 2-connected outerplane graph of girth at least 5 can
be in-colored using at most
at most 2.

4 colors

such that the outdegree of any vertex is
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Proof. Let G be a 2-connected outerplane graph of girth 5. The proof is by

induction on the number of vertices of G. If G has fewer than six vertices
then G must be C5 . By Proposition 2.3.3, Xs( C's) = 4.
Assume the result holds for any 2-connected outerplane graph with
fewer than k vertices for k 2: 6. Let G be a 2-connected outerplane graph
with k vertices. By Proposition 3.3.4, G has face
its edges e with another face

f'

in G where

f that shares just one of

f and f' are both inner faces.

Let v1. v2, ... , Vk be the vertices on the boundary of

f in clockwise order,

where e = v1 vk· Remove v2 , v 3, ... , vk_ 1 from G. Let G' be the resulting
graph. Before applying the induction hypothesis to G', we must show that
G' is outerplanar and 2-connected.

To see that G' is still outerplanar observe that all the vertices of G lie
on the outer face, so since G' is a subgraph of G, all the vertices of G' lie on
the outer face. To show G' is 2-connected, we will show that G' is connected
and has no cut-vertex.
Let x and y be vertices in G'. Then since G is connected, there is an
:r:,

y-path in G. If this path includes v1 v 2 v 3

... vk_ 1vk,

edge in G', we may remove v2 , v 3 , ... , vk- 1 and use edge
If this path does not include

v 2 v 3 ... vk_ 1 ,

then since
v 1vk

in the

v 1'11k
x,

is an

y-path.

then this must also be a path in

G'. This shows G' is connected.
Suppose G' has a cut-vertex u.

Then G' - u has more than one
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component. Let x and y be vertices in two different components. Then
there is no x, y-path in G'- u. Since G is 2-connected, G - u is connected
and so there is an x, y-path in G - u. Since this path, say P, is not in

and adding edge vivk gives an x, y-path in G'- u, a contradiction. Thus, G'
has no cut-vertices. We conclude that G' is 2-connected.
We apply the induction hypothesis to G'. To show t he coloring can
be extended to G, we consider three cases depending on the size of k. Since
G has girth at least 5 and G is 2-connected, observe that k 2: 5.

Case 1: k

=5

Without loss of generality, assume

VI v5

is oriented into

assume the outneighbors of VI have been assigned colors 1 and 2,

vi·

VI

Also,

has been

assigned color 3, v4 has been assigned color 4, and the other outneighbor of
v4 has been assigned color 1 (See Figure 3.9).

_

l~. 3_____4~. :'
1

2

Figure 3.9: In-coloring of G'
Orient both edges incident with v2 out of v2 . Orient both edges in-
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cident with v 4 out of v4 . Colors 1,2, and 3 are forbidden on

v2

so assign

v2

color 4. Colors 1,3, and 4 are forbidden on v4 so assign v4 color 2. Colors
2,3, and 4 are forbidden on v 3 so assign v 3 color 1 (See Figure 3.10). This
extends the in-coloring to G.

Figure 3.10: In-coloring of G

Case 2: k = 6
We make the same assumptions made in Case 1 in terms of the coloring
and orientation obtained from applying the inductive hypothesis to G'.
Orient both edges incident with v2 out of v2 . Orient v3 v4 into v4 .
Orient both edges incident with v5 out of v5 . Colors 1,2, and 3 are forbidden
on v2 , so assign v2 color 4. Colors 1,3, and 4 are forbidden on v5 , so assign v5
color 2. Colors 3 and 4 are forbidden on v3 , so assign v 3 color 2. Colors 2 and
4 are forbidden on v 4 , so assign v 4 color 1 (See Figure 3.11). This extends
the coloring to G.
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V2

4

~3
•1

.

2

r,
~

V5

.1

Figure 3.11: In-coloring of G
Case 3: k

=

7

We make the same assumptions made in Case 1 in terms of the coloring
and orientation obtained from applying the inductive hypothesis to G'.

v5 , and

v6v 7

into

v7

(See Figure 3.12).

1'2

Figure 3.12: Orientation of G
Colors 1,2, and 3 are forbidden on v 2 , so assign v 2 color 1. Colors 1,3,
and 4 are forbidden on v6 , so assign v 6 color 2. Colors 3 and 4 are forbidden
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on

v 3,

so assign v3 color 1. Colors 1,2, and 4 are forbidden on

v5,

so assign

v5

color 3. Colors 1 and 3 are forbidden on v4 , so assign v4 color 4 (See Figure
3.13). This extends the in-coloring to G.

Figure 3.13: In-coloring of G

Case 4: k 2: 8

still has length at least 5. The argument used in Case 1 can be applied to

0
Corollary 3.3.9. Every 2-connected outerplane graph of girth at least 5 has
a star coloring with at most

4 colors.

Proof. Let G be a 2-connected outerplane graph of girth at least 5. By

Theorem 3.3.8, G has an in-coloring with 4 colors. By Proposition 2.3.2, this
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is also a star coloring of G with 4 colors.

D

Theorem 3.3.10. If G is an outerplane graph of girth at least 5, then
Xs (G) ::; 4 and this bound is best possible.

Proof. Let G be an outerplane graph of girth at least 5. By Lemma 3.3.1, G

is a subgraph of a graph H such that H is 2-connected and H has girth 5.
By Corollary 3.3.9, H has a star coloring with 4 colors. This coloring is also

a star coloring of G with at most 4 colors.
By Proposition 2.3.3, C5 is an outerplanar graph of girth 5 requiring

4 colors to star color.

D

Chapter 4

Upper Bounds
4.1

Upper bounds

In this chapter upper bounds on the star chromatic number for different
families of planar graphs are presented. First, planar graphs of girth 14 are
shown to be 4-star colorable. Second, planar graphs of girth 10 are shown to
be 5-star colorable. Third, planar graphs of girth 8 are shown to be 6-star
colorable. Finally, planar graphs of girth 7 are shown to be 7-star colorable.
In each section we use discharging. As mentioned in Chapter 2, discharging
was used by Appel and Haken to prove the Four Color Theorem. Discharging
has been used to solve many other coloring problems as well.

4.2

Girth 14 Planar Graphs

In this section it is shown that planar graphs of girth at least 14 can be star
colored with 4 colors. To prove this result, we show that such graphs can
be partitioned into two sets that have certain properties. The two sets are
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colored individually, and then the colorings are put together to form a star
coloring of the graph. The idea of using a partition to obtain a star coloring
comes from [1] . Lemma 2.6 was suggested by Albertson [2]. We begin with
some convenient notation that will be used frequently in this chapter.
Definition 4.2.1. Let x be a vertex of degree d and suppose x has k neighbor·s
of degree 2. Then x is said to be a d(k)-vertex.

Definition 4.2.2. Let G be a graph and let X be an independent set in G.
If the distance between any two vertices in X is at least 3, then X is said to
be a 2-independent set.
Theorem 4.2.3. The vertices of a planar graph of girth at least 14 can be
partitioned into two, possibly empty, sets X andY such that G[X] is a forest
and G[Y] is a 2-independent set.
Proof. Suppose the theorem is false.

Let G be a counterexample to the

theorem in which G has the fewest number of vertices possible. Give G a
fixed planar embedding. By definition, if H is a planar graph of girth at least
14 with fewer vertices than G, then the theorem is true for H . Observe that
G is not a tree, otherwise we put all the vertices of G into X which gives the

desired partition. Several properties of G are now established.
Lemma 4.2.4. G is connected.
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Proof. Suppose G is not connected. Then the theorem holds for the compo-

nents of G. Apply the theorem to each component of G. The partitions of
the components gives a partition of G into a forest and a 2-independent set.
This contradicts the assumption that G is a counterexample to the theorem.
Therefore, G must be connected.

0

Lemma 4.2.5. G has no degree 1 vertices.
Proof. Suppose :c is degree 1 vertex in G. Since G is a minimal counterex-

ample, the theorem may be applied to G- x. To extend the desired partition
to G, place x in the forest that results from the partition of G- x. Since x
has degree 1 in G, x has degree at most 1 in the forest. Thus, no new cycles
are created by adding x to the forest and this gives the desired partition of
G, a contradiction.

0

Lemma 4.2.6. G has no 2(2)-vertex.
y

z

v

Figure 4.1: 2(2)-vertex y
Proof. Suppose y is a 2(2)-vertex with neighbors x and z. Label the neighbors

of .7: and z as indicated in the figure (Sec Figure 4.1). The vertices of unknown
degree have been shown as o. Remove x, y, and z from G and obtain the
desired partition for G - { x, y, z}.
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If u or v are in the 2-independent set, then x, y, and z may be placed
in the forest. This creates no cycles in the forest as any new cycle must pass

through ux and vz.
If both u and v are in the forest , then put y in the 2-independent

set and put x and z into the forest . In the forest, x and z have degree 1 so
no cycles are created. The distance between y and u is 2 and the distance
between y and vis also 2. Thus, y may be put in the 2-independent set.
In either case the desired partition is extended toG which contradicts
the fact that G has no such partition.

D

Lemma 4.2.7. G has no 3(3)-vertex adjacent to two 2(1)-vertices.
Proof Suppose xis such a vertex. Let the two 2(1)-vertices adjacent to x be
z1

and z2. Let the remaining neighbor of x be y1. Let z1 and z2 be adjacent

to t 1 and t 2 respectively (See Figure 4.2). Label the remaining vertices as
indicated in the figure. The vertices of unknown degree have been shown
o.

Y2

X

Figure 4.2: 3(3)-vertex

82

:1:

al:l
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Remove x, y1 , z1 , z2 , t 1 , and t 2 and get the desired partition of the
resulting subgraph.
If y 2 is not in the 2-independent set, then :r: is placed in the 2-

independent set and all other vertices are placed in the forest. This creates
no cycles as any new cycle would have to pass through x.
Suppose y2 is in the 2-independent set. Then y1 and x must be placed
in the forest.
If

51

is in the 2-independent set then z1 , z2 , tr, and t 2 may be placed

in the forest. This creates no cycles in the forest as any new cycle must
pass through :r:. But there is no path to the rest of the graph through y 1 or
t1. A similar argument shows the partition extends to G when
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is in the

2-independent set.
Suppose s 1 and s 2 are in the forest. Then put z1 into the 2-independent
set and all other vertices into the forest. This creates no cycles in the forest
as any new cycle must pass through x. But there is no path to the rest of
the graph through y 1 or z1 .
In each situation, the desired partition is extended to G, which is a
contradiction.

D

By Lemma 4.2.4, G is connected so we apply Euler's Formula to G
and obtain n- e + f = 2. Making use of the Degree-Sum Formula and the
relation 2e =

'E-tEF(G)

l(.f) we have:

53
12LvEV(G) deg(v)- 28n + 2LjEF(G) l(f)- 28f
= LvEV(G)(12deg(v)- 28)

+ LJEF(G)(2l(f)- 28)

= 24e- 28n + 4e- 28f = -28n + 28e- 28! =-56
By Lemma 1.3.4, since G is connected and has girth 14, each face of
G has length greater than or equal to 14. This implies for every face

f of G,

2l(f) :2 28. Therefore 2l(f)- 28 :2 0 and so the value of LtEF(G)(2l(f)- 28)
is non-negative. Since the right hand side of the equation is negative, the
value LvEV(G)(12deg(v)- 28) must be negative.
For each vertex v in G, assign a charge of 12deg(v) - 28 to v. The
charges are now redistributed in such a way that the net charge assigned to
G is preserved. The rules for redistribution are:

1. Each 2(1)-vertex receives a charge of 4 from its neighbor of degree
greater than 2.
2. Each 2(0)-vertex receives a charge of 2 from each neighbor.
The net charge of G after the redistribution is now calculated. Let
v be a vertex in G. By Lemma 4.2.4, G has no degree 0 vertices, and by

Lemma 4.2.5, G has no degree 1 vertices.
Case 1: v is a degree 2 vertex

If v is a degree 2 vertex, then there are two subcases to consider. By

Lemma 4.2.6, G has no 2(2)-vertex.
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Case la: v is a 2(1)-vertex
By Rule 1, v receives a charge of 4. Since v does not send out any
charges, the charge of v after redistribution is 12 · 2 - 28 + 4

= 0.

Case lb: v is a 2(0)-vertex
By Rule 2, v receives a charge of 2 from each neighbor. Since v does
not send out any charges, the charge of v after redistribution is 12 · 2 - 28 +
2 +2

= 0.
This completes Case 1.

Case 2: vis a degree 3 vertex
If vis a vertex of degree 3, then by Lemma 4.2.7, vis adjacent to at
most two 2(1)-vertices and a vertex of degree greater than 2, or vis adjacent
to at most two 2(0)-vertices and a 2(1)-vertex. In the first case, v sends out
8 charges and so the charge of v after redistribution is 12 · 3- 28- 8

= 0.

In the second case, v again sends out 8 charges and so the charge of v after
redistribution is 0.
This completes Case 2.

Case 3: v has degree greater than 3
If v is a vertex of degree greater than 3, then v sends out at most
4deg( v) charges. The charge of v after redistribution is at least 12deg(v) 28 - 4deg( v)

=

8deg( v) - 28 2': 0 which holds whenever deg( v) 2': 4.

This completes Case 3.
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This shows that the net charge of G after redistribution is non-negative.
This contradicts the fact that the net charge assigned to G is negative. Thus
no such minimal counterexample G exists, and the theorem holds for all
planar graphs of girth at least 14.

D

Theorem 4.2.8. Let G be a planar graph of girth at least 14. Then Xs( G) :S
4 and this bound is best possible.

Proof. By Theorem 4.2.3, G has a partition into a forest and a 2-independent

set. By Corollary 2.3. 7, we may star color the forest using three colors. Give
all vertices in the 2-independent set a fourth color. There is no 2-colored P4
using the vertices in the forests so any 2-colored P4 must have two vertices
in the 2-independent set. This is impossible since any two vertices in the
2-independent set have distance at least 3.
By Proposition 2.3.9, there exists a planar graph of girth 14 requiring
4 colors to star color.

4.3

D

Reducible Configurations

In the following three sections discharging will be used to establish upper
bounds on the star chromatic number for different families of planar graphs.
When using discharging, one constructs a list of subgraphs that cannot appear in a minimal counterexample to the theorem one is trying to prove. In
this thesis, these subgraphs arc called reducible configurations. For the proofs
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presented, there are reducible configurations that are common to more than
one section. These reducible configurations are presented in this section.
To Rhow the reducibility of a configuration, we Rnppose that the configuration appears in a minimal counterexample G. The configuration is
now removed, and the smaller graph can be colored by the minimality of

G. Next we show that the coloring can be extended to all of G by replacing
the configuration, and then coloring and orienting appropriately. This gives
a contradiction, so no such configuration can appear in G. The following
definition will capture some of the properties of a minimal counterexample.
Definition 4.3.1. A graph G is said to be (k,r}-critical if for every v E V(G),

G- v has a k-in-coloring in which every vertex has outdegree at most r, but
G has no such coloring.

For example, P4 is a (2, 1)-critical graph, and C5 is a (4, 1)-critical
graph.
Proposition 4.3.2. Let k be an integer with k 2: 3. If G is a (k, 2)-critical
graph, then G must be connected.
Proof. Let G be a (k, 2)-critical graph and suppose G is not connected. Then

the components of G may be in-colored with k colors such that the outdegree
of each vertex is at most 2. Combining the in-colorings of the components
gives a k-in-coloring to G with k colors and outdegree at most 2.

This
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contradicts the fact that G is (k, 2)-critical.

D

Proposition 4.3.3. Let k be an integer with k 2: 4. If G is a (k, 2)-critical
graph then G contains no degree 1 vertices.
Proof. Suppose v is a vertex with degree 1 in G. Let u be the neighbor of
v. Give G- v an in-coloring with k colors and outdegree at most 2. To

extend this in-coloring to G, first orient vu into u. There are at most three
colors forbidden on v. The three colors are the color assigned to n and the
two colors assigned to the outneighbors of u. Assign v the available fourth
color. This extends desired in-coloring to G which contradicts the fact that
G is (k , 2)-critical.

D

Corollary 4.3.4. Let k be an integer with k 2: 4. If G is a (k, 2)-critical
graph then G is not a tree.
Proof. Let G be a (k, 2)-critical graph. Since k 2: 4, G must have at least two

vertices. If G was a tree, then G has a degree 1 vertex. By Proposition 4.3.3,
G has no degree 1 vertices. Therefore, G cannot be a tree.

D

The next set of configurations have more structure. For darity, the
vertices in the reducible configuration K will be shown as • 's and labeled so
that the index represents the order in which the vertices are colored when
extending the coloring to G. Also, when K is replaced in G, the edges of K
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are not yet oriented. The figures displayed will show the orientation given to
the edges of K when K is replaced in G.
The vertices in G that are not in I< but have neighbors in I< are
shown as o. All of these vertices are assumed to have outdegree at most 2.
While the outneighbors of a o may or may not exist, we will assume that they
are always present. This assumption means that more colors are forbidden
on the vertices in K. Therefore, any vertex in K adjacent to a o vertex will
have at least three colors forbidden. The three forbidden colors are the color
given to o, and the colors reserved for the two outneighbors of o, regardless
if o does have two outneighbors or not. Any vertex with a o in their second
neighborhood may be assumed to have one color forbidden, namely the color
given too.
With this notation, the fact that the coloring can be extended to G
reduces to counting the neighbors and second neighbors of a vertex

Xi

that

are o vertices, or those vertices with a subscript smaller than i that would
create either an improperly colored P3 , or an improper coloring.
To efficiently count the number of ueighbors and :;ccond neighbors
when a coloring is being extended, we make the following definition.

Definition 4.3.5. Let x be a vertex in an orientation of a graph G that has
been partially in-colored. Suppose x has not been assigned a color. Call the
vc1"tices in the first and second neighborhood of :1: in G precursors of x if these
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vertices have already been colored and assigning x any of their colors would
result in an improper in-coloring.

In other words, the colors appearing on the precursors of x are forbidden on x as we in-color the graph.
The precursors of x will be counted, and provided there are not too
many precursors, a color will be available for x. The vertices not in the
configuration will be labeled using the letters o., b, c, etc. but never by :1: or :r:i.
The two out-neighbors of a will be denoted by a', a" , the two out-neighbors
of b will be denoted by b', b", etc.
To count the humber of precursors for a given vertex .r, we first write

x, then a colon, and then the precursors separated by commas. For instance
if x 4 has precursors x 2 , u, u' and u" , we write x 4

:

x 2 , u , u' , u" . Call this the

precursor list for x 4 . In general, the precursor list is a sequence beginning

with a vertex x followed by a colon followed by the precursors of x . The
precursor list for a configuration is a sequential list of all the precursor lists

for the vertices in the configuration, in the order in which they are colored.
The individual lists will be separated by semicolons.
Proposition 4.3.6. Let k be an integer with k ~ 5. If G is a (k, 2)-critical
graph, then G contains no 2(2)-vertex.

a
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Figure 4.3: 2(2)-vertex

Proof. Suppose

XI

is a 2(2)-vertex in a (k , 2)-critical graph with k 2: 5.

Let the degree two vertices adjacent to
adjacent to x 2 and let b f.
G-

XI

TI

xi

be x 2 and x 3 . Let a

f.

XI

be

be adjacent to :r 3 . Consider a (k, 2)-coloring of

{xi,x2,x3}.

Orient both edges incident to x 2 out of x 2 • Orient both edges incident
to

out of X3.

.r3

First x 1 is colored. The colors forbidden on

XI

are the colors assigned

to a and b. Since 5 colors are available, a color may be assigned to

XI·

We now color x 2 . The colors forbidden on x 2 are the colors assigned
to

TI,

a., a', and a" where a', a" are the two potential outneighbors of a. This

forbids at most four colors on x 2 so a fifth color is available.
Lastly x 3 is colored. The colors forbidden on x 3 are the colors assigned
to :ri, b, b', and b". This forbids at most four colors on

:r 3

so a fifth color is

available. Observe that x 3 can receive the color of x 2 since both edges incident
with

xi

are oriented towards

xi.

This r.an he abbreviated to the configuration precursor list:

Thus, we have shown that if this configuration was in a (k, 2)-critical
graph G, then G has a k-in-coloring with outdegree at most 2. This contradicts the definition of (k , 2)-critical, and so G cauuot have such a configura-

61
tion.

0

Proposition 4.3. 7. Let k be an integer with k 2:: 5. If G is a (k, 2)-critical
graph, then G contains no 3(3)-vertex.
c

a

b
Figure 4.4: 3(3)-vertex x 1

Proof. Suppose x 1 is a 3(3)-vertex in a (k, 2)-critical graph G with k 2:: 5.
Let the degree two neighbors of x 1 be x 2 , x 3 , and x 4 . Remove x 1 , x 2 , x 3 ,
and :r 4 and obtain a 5-in-coloring with outdegree at most 2 of the resulting
subgraph. We now show that this 5-in-coloring with outdegree at most 2 can
be extended to the entire graph.
Orient the edges as indicated in Figure 4.4.
First color x 1 . The colors forbidden on x 1 are the colors assigned to
a, b, and c. Therefore, a color is available for x 1 .
Next color x 2 . The colors forbidden on x 2 are the colors assigned to
x 1 , a, a', and a". Thus, at most four colors are forbidden on x2
is available for x2.

~o

a fifth color
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Next color x 3 . The colors forbidden on x 3 are the colors assigned to
xi, b, b', and b" . Thus, at most four colors are forbidden on x 3 so a fifth color
is available for x3 .
Lastly color x 4 . The colors forbidden on x 4 are the colors assigned
to

XI,

c, c', and c". Thus, at most four colors are forbidden on x 4 so a fifth

colors is available for x 4 .
Therefore, this configuration h&:l precursor list:

This extends the desired coloring to G, a contradiction since G is

(k, 2)-critical.
D

In the propositions to follow, we will just give the precursor list for the
configuration. In each proposition, the argument is similar to the arguments
presented in the two propositions above.
Proposition 4.3.8. Let k be an integer with k 2:: 5. If G is a (k, 2)-critical
graph, then G contains no 4(4)-vertex.
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oC

:r4

!

a

X2

XI

b

X3

X5

Q

(l

Figure 4.5: 4(4)-vertex

Proof. Let

XI

XI

be a 4(4)-vertex. This configuration has precursor list:

D

Proposition 4.3.9. Let k be an integer with k 2: 6. If G is a (k, 2)-critical
graph, then G contains no 2(1)-vertex.

a

Figure 4.6: 2(1)-vertex

Proof. Let

XI

b
XI

be a 2(1)-vertex. This configuration has precursor list :

D
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Proposition 4.3.10. Let k be an integer with k 2 6. If G is a (k, 2)-critical
graph, then G contains no 3(2)-vertex.

a

Figure 4.7: 3(2)-vertex :r 1
Proof. Let x 1 be a 3(2)-vertex. This configuration has precursor list:

0

4.4

Girth 10 Planar Graphs

In this section it is shown that planar graphs of girth 10 are star colorable
with 5 colors.
Theorem 4.4.1. Let G be a planar graph with girth at least 10. Then G has
an in-coloring with 5 colors, in which every vertex has outdegree at most 2.
Proof. Suppose the theorem is false.

Let G be a counterexample to the

theorem in which G has the fewest number of vertices possible, that is G is
(5,2)-critical. Give G a fixed planar embedding. Several properties of G are
now established. By Proposition 4.3.2 and Proposition 4.3.3, G is connected
and has no degree 1 vertices, and thus G is not a tree.
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Lemma 4.4.2. G contains no degree 3 vertex adjacent to two 2(1)-vertices

b

c

a

xs

Figure 4.8: Degree 3 vertex x 2 adjacent to two 2(1)-vertices
Proof. Let x2 be a degree 3 vertex and let x 4 and x 5 be 2(1)-vertices that

are neighbors of x 2 . This configuration has precursor list:

0
Definition 4.4.3. A weak 3(2)-vertex is a 3(2)-vertex adjacent to a 2(1)vertex and a 2 (0) -vertex.

Lemma 4.4.4. G contains no 3(2)-vertex adjacent to a weak 3(2)-vertex
c

a

Figure 4.9: 3(2)-vertex x 4 adjacent to weak 3(2)-vertex
Proof. Let

.7: 3

be the weak 3(2)-vertex and let

to x 3 . This configuration has precursor list:

.7: 4

X3

be the 3(2)-vertex adjacent
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0
Lemma 4.4.5. G contains no 3(1)-verte.x adjacent to a 2(1)-vertex and a
weak 3(2)-vertex
a

c

d
Figure 4.10: 3(1)-vertex x 1 adjacent to a 2(1)-vertex and a weak 3(2)-vertex
Proof. Let x 1 be the 3(1)-vertex adjacent to the 2(1)-vertex x 5 , and adjacent

to the weak 3(2)-vertex x 4 . Label the remaining vertices in t he configuration
a.c;;

indicated in the figure.
This configuration has precursor list:

D

Lemma 4.4.6. G contains no degree 3 vertex adjacent to two weak 3(2)vertices
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a

x4

X7

Xg

.T3

c

X6

xs

X2

b

e

d

Figure 4.11: Degree 3 vertex x 1 adjacent to two weak 3(2)-vertices
Proof. Let x 1 be the degree 3 vertex adjacent to weak 3(2)-vertices x 4 and

x 5 . This configuration has precursor list:

0
Lemma 4.4.7. G contains no degree

4 vertex adjacent to three 2(1)-vertices
Xs

b

a

d

Figure 4.12: Degree 4 vertex x 1 adjacent to three 2(1 )-vertices
Proof. Let x 1 be the vertex of degree 4 adjacent to three 2(1)-vertices x 5 , X6,

and x 7 . This configuration has precursor list:
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0

This completes the needed lemmas. Since G is connected, Euler's
Formula may be applied to G to obtain n - e + f = 2. Making use of the
Degree-Sum Formula and the relation 2e = LJEF(G) l(f):
LvEV(G)(4deg(v)- 10)

+ LjEF(G)(l(f)- 10)

= 4 LvEV(G) deg(v)- 10n + LJEF(G) l(f)- 10f

= 8e- 10n + 2e- 10f = -10n + 10e- 10f = -20
By Lemma 1.3.4, since G is connected with girth 10, each face of G
has length greater than or equal to 10. Therefore l(f) -10 2: 0 for each face

f in G, and so the value of

LJEF(G)(l(f) - 10) is non-negative. The right

hand side of the equation is negative, so the value LvEV(G) (4deg( v) - 10)
must be negative.
For each vertex v in G, assign a charge of 4deg( v) - 10 to v. The
charges are now redistributed in such a way that the net charge assigned to

G is preserved. The rules for redistribution are:

1. Each 2(1)-vertex receives a charge of 2 from its neighbor of degree
greater than 2.
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2. Each 2(0)-vertex receives a charge of 1 from each neighbor.
3. Each weak 3(2)-vertex receives a charge of 1 from the neighbor of degree
greater than 2.

The net charge of G after the redistribution has taken place is now
calculated. Let v be a vertex in G.

Case 1: v is a degree 2 vertex
If vis a degree 2 vertex, then there are two subcases to consider. Note
that by Proposition 4.3.6, G has no 2(2)-vertices.

Case la: vis a 2(1)-vertex
By Rule 1, v receives a charge of 2. Since v ·does not send out any
charges, the charge of v after redistribution is 4 · 2- 10 + 2 = 0.

Case lb: v is a 2(0)-vertex
By Rule 2, v receives a charge of 1 from each neighbor. Since v does
not send out any charges, the charge of v after redistribution is 4 · 2- 10 +
1+1

= 0.
This completes Case 1.

Case 2: v is a degree 3 vertex
If v is a degree 3 vertex, then there are four subcases to consider.
Note that by Proposition 4.3.7, G has no 3(3)-vertices.

Case 2a: v is a weak 3(2)-vertex
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Suppose v is a weak 3(2)-vertex. By Rule 1, v sends out a charge of
2 to a 2(1)-vertex. By Rule 2, v sends out a charge of 1 to a 2(0)-vertex.
By Rule 3, v receives a charge of 1 from the neighbor of v of degree greater
than 2. By Lemma 4.4.4, v does not send out any charges to another weak
3(2)-vertex. The charge of v after redistribution is 4 · 3 - 10- 2 - 1 + 1 = 0.
Case 2b: v is a 3(2)-vertex but not a weak 3(2)-vertex
Suppose v is not a weak 3(2)-vertex. By definition, v is adjacent
to two 2(0)-vertices. By Lemma 4.4.4, v is not adjacent to a weak 3(2)vertex. Therefore, v sends out at most 2 charges, so the charge of v after
redistribution is 4 · 3- 10- 1- 1 = 0.
Case 2c: vis a 3(1)-vertex
Suppose v is adjacent to a 2(1)-vertex. By Lemma 4.4.2, v is not
adjacent to a weak 3(2)-vertex. Thus, v sends out a charge of 2 to a 2(1)vertex, so the charge of v after redistribution is 4 · 3 - 10 - 2 = 0.
Suppose v is adjacent to a 2(0)-vertex. By Lemma 4.4.6, v is adjacent
to at most one weak 3(2)-vertex. Thus, v sends out a charge of 1 to the
degree 2 vertex and sends out at most one charge to a weak 3(2)-vertex.
Hence, the charge of v after redistribution is 4 · 3 - 10 - 1 - 1 = 0.
Case 2d: v is a 3(0)-vertex
By Lemma 4.4.6, v sends out at most one charge to a weak 3(2)vertex, so the charge of v after redistribution is 4 · 3 - 10 - 1 = 1.
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This completes Case 2.

Case 3: v is a degree 4 vertex
If v is a degree 4 vertex, then there are four subcases to consider.

Note that by Proposition 4.3.8, G has no 4(4)-vertex.

Case 3a: v is a 4(3)-vertex
By Lemma 4.4.7, vis adjacent to at most two 2(1)-vertices. Therefore,
any additional degree 2 vertex adjacent to v must be a 2(0)-vertex. It is
possible for the remaining neighbor of v to be a weak 3(2)-vertex. Thus, the
charge of v after redistribution is at least 4 · 4 - 10 - 2 · 2 - 1 - 1 = 0.

Case 3b: v is a 4(2)-vertex
In this case, v sends out at most 4 charges to two 2(1)-vertices and 2
charges to two weak 3(2)-vertices. The charge of v after redistribution is at
least 4 · 4 - 10 - 4 - 2 = 0.

Case 3c: v is a 4(1)-vertex
In this case, v sends out at most 2 charges to a 2(1)-vertex and 3
charges to three weak 3(2)-vertices. The charge of v after redistribution is
at least 4 · 4 - 10 - 2 - 3 . 1 = 1.

Case 3d: v is a 4(0)-vertex
In this case, v sends out 1 charge to each neighbor that is a 3(2)-vertex.
At most there are four such neighbors. The charge of v after redistribution
is at least 4 · 4- 10- 4 · 1 = 2.
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This completes Case 3.
Case 4: v is a vertex of degree greater than 4
If 11 is a vertex in G such that deg( v) 2: 5, then v sends out at most

2 charges to each neighbor. Therefore, the charge of v after redistribution is
at least 4deg( v) - 10 - 2deg( v) = 2deg( v) - 10 2: 0, since deg( v) 2: 5.
This completes Case 4.
This shows that the net charge assigned to G after redistribution is
non-negative. This contradicts the fact that the net charge assigned to G
is negative. Thus, no such minimal counterexample exists and the theorem
holds for all planar graphs of girth 10.

0

Corollary 4.4.8. If G is a planar graph of girth at least 10 then Xs(G) :::; 5.
Proof. By Theorem 4.4.1 , G has an in-coloring with 5 colors. By Proposi-

tion 2.3.2, this implies that G has a star coloring with 5 colors.

4.5

0

Girth 8 Planar Graphs

In this section it is shown that planar graphs of girth 8 are star colorable
with 6 colors.
Theorem 4.5.1. Let G be a planar graph with girth at least 8. Then G has
an in-coloring with 6 colors, in which every vertex has outdegree at most 2.
Proof. Suppose the theorem is false.

Let G be a counterexample to the
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theorem in which G has the fewest number of vertices possible, that is G is
(6,2)-critical. Give G a fixed planar embedding. By Proposition 4.3.2 and
Proposition 4.3.3, G is connected, has no degree 1 vertices, and G is not a
tree.
Since G is connected, Euler's Formula may be applied toG to obtain
n - e

+f

=

2. Making use of the Degree-Sum Formula and the relation

2e = LJEF(G) l(j):
LvEV(G)(3deg(v)- 8)

+ LJEF(G)(l(j)- 8)

= 3 LvEV(G) deg(v)- 8n + LJEF(G) l(j)- 8f

= 6e- 8n + 2e- 8j = -8n + 8e- 8f = -16
By Lemma 1.3.4, since G is connected and has girth 8, each face of
G has length greater than or equal to 8. This implies for every face fin G,
l(j)- 8 2: 0 and so the value of LJEF(G)(l(j)- 8) is non-negative. Since the

right hand side of the equation is negative, the value LvEV(G)(3deg(v)- 8)
must be negative.
For each vertex v in G, assign a charge of 3deg( v) - 8 to v. The
charges are now redistributed in such a way that the net charge assigned to
G is preserved. The rule for redistribution is:

1. Each 2(0)-vertex receives a charge of 1 from each neighbor.
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The net charge on the vertices of G after the redistribution has taken
place is now calculated.
Let x be a vertex in G.
Case 1: x is a degree 2 vertex

By Proposition 4.3.6 and Proposition 4.3.9, G has no 2(2)-vertices
or 2(1)-vertices. The only possibility is for v to be a 2(0)-vertex. In this
case, v receives 1 charge from each neighbor and so the charge of v after
redistribution is 3 · 2- 8 + 1 + 1 = 0.
Case 2: v is a degree 3 vertex

By Proposition 4.3.7 and Proposition 4.3.10, G has no 3(3)-vertices
or 3(2)-vertices. If v is a 3(1)-vertex, then v sends out 1 charge to a degree
2 vertex. The charge of v after redistribution is 3 · 3- 8- 1 = 0.
If vis a 3(0)-vertex, then v sends out no charges and the charge of v

after redistribution is 3 · 3 - 9 = 1.
Case 3: vis a vertex of degree greater than 3
If vis a vertex of degree greater than 3, then v sends out at most deg( v)

charges to deg( v) degree 2 neighbors. The charge of v after redistribution is
at least 3deg(v)- 8- deg(v) = 2deg(v)- 8

~

0, since deg(v)

~

4.

This shows that the net charge assigned to G after redistribution is
non-negative. This contradicts the fact that the net charge assigned to G
is negative. Thus, no such minimal counterexample exists and the theorem

75
D

holds for all planar graphs of girth 8.

Corollary 4.5.2. If G is a planar graph of girth at least 8 then Xs( G) ::::; 6.
Proof By Theorem 4.5.1 , G has an in-coloring with 6 colors. By Proposi-

tion 2.3.2, this implies that G has a star coloring with 6 colors.

4.6

D

Girth 7 Planar Graphs

In this section it is shown that planar graphs of girth 7 are star colorable
with 7 colors.
Theorem 4.6.1. Let G be a planar graph with girth 7.

Then G has an

in-coloring with 7 colors, in which every vertex has outdegree at most 2.
Proof Suppose the theorem is false . Let G be a counterexample to the

theorem in which G has the fewest number of vertices possible, that is G is
(7,2)-critical. Give G a fixed planar embedding. By Proposition 4.3 .2 and
Proposition 4.3.3, G is connected, has no degree 1 vertices, and G is not a
tree.
Lemma 4.6.2. G has no adjacent 3(1)-vertices.
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a

Figure 4.13: Adjacent 3(1)-vertices
Proof. Let x 1 and x 2 be adjacent 3(1)-vertices. This configuration has pre-

cursor list:

D

Lemma 4.6.3. G has no degree 3 vertex adjacent to three 3(1)-vertices.
XJ

d

•

X4

e

:c5

X2

'! :,
:r;7

.1;1

.r

c

Figure 4.14: Degree 3 vertex x 1 adjacent to three 3(1)-vertices
Proof. Let x 1 be a degree 3 vertex with 3(1)-neighbors x 2 , x 4 and x6. This

configuration has precursor list:

D
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Lemma 4.6.4. G has no 4(3)-vertex.
b

y

c

:1:3

'J]

;t;4

d

0

a

Figure 4.15: 4(3)-vertex x 1
Proof. Let x 1 be a 4(3)-vertex. This configuration has precursor list:

D

Note that in the above lemmas the configurations are sufficiently small
enough so that each vertex in the figure is in fact a distinct vertex. That is,
no figure above displays the same vertex twice, as G has girth at least 7.
Since G is connected, Euler's Formula may be applied to G to obtain
n - e

+f

= 2. Making use of the Degree-Sum Formula and the relation

2e = L,JEF(G) l(f):
"'£vEV(G)(10deg(v)- 28)

+ L,JEF(G)(4l(.{)- 28)

= 10 I:vEV(G) deg(v)- 28n + 4 I:fEF(G) f(j)- 28f

= 20e- 28n + 8e- 28!

= -28n + 28e- 28! =-56
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By Lemma 1.3.4, since G is connected and has girth 7, each face of
G has length greater than or equal to 7. This implies for every face

f in

G,

4l(.f)- 28 2:: 0 so the value of 'EtEF(G)(4l(.f)- 28) is non-negative. Since the
right hand side of the equation is negative, the value

'EvEV(G) (lOdeg( v)-

28)

must be negative.
For each vertex v in G , assign a charge of 10deg(v) - 28 to v. The
charges are now redistributed in such a way that the net charge assigned to
G is preserved. The rules for redistribution are:

1. Each degree 2 vertex receives a charge of 4 from each neighbor.
2. Each 3(1)-vertex receives a charge of 1 from each neighbor of degree
greater than 2.

The net charge on the vertices of G after the redistribution has taken
place is now calculated.
Let v be a vertex in G.

Case 1: v is a degree 2 vertex
By Proposition 4.3.6 and Proposition 4.3.9, G has no 2(2)-vertex or
2(1)-vertex, hence v must be a 2(0)-vertex. By Rule 1, v receives a charge of 4
from each neighbor so the charge of v after redistribution is 10·2-28+4+4
0.

Case 2: vis a degree 3 vertex

=
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If v is a degree 3 vertex, then there are two sub cases to consider.
By Proposition 4.3.7 and Proposition 4.3.10, G has no 3(3)-vertices or 3(2)vertices.

Case 2a: v is a 3(1)-vertex
If v is a 3(1) vertex, then v sends out a charge of 4 to its degree 2
neighbor. By Lemma 4.6.2, v does not send out any charges to a 3(1) vertex.
By Rule 2, v receives 1 charge from each neighbor of degree greater than 2.
The charge of v after redistribution is 10 · 3- 28- 4 + 1 + 1 = 0.

Case 2b: v is a 3(0)-vertex
If

'IJ

is a 3(0)-vertex then by Lemma 4.6.3, v sends out at most 1

charge to two 3(1)-vertices. The charge of v after redistribution is at least
10 . 3 - 28 - 1 - 1 = 0.

Case 3: v is a degree 4 vertex
By Proposition 4.3.8, G has no 4(4)-vertex. By Lemma 4.6.4, G
has no 4(3)-vertex. Therefore, v will send out at most 8 charges to two
degree 2 vertices and 2 charges to two 3(1) vertices. The charge of v after
redistribution is at least 10 · 4 - 28 - 4 - 4 - 2 - 2 = 0

Case 4: v is vertex of degree greater than 4
If deg( v) 2: 5, then v sends out at most 4deg( v) charges to deg( v)
degree 2 neighbors. But 10deg(v) -28-4deg(v) = 6deg('n) -28 2: 0 whenever
deg(v) 2: 5.
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This shows the net charge of G after redistribution is non-negative.
This contradicts the fact that the net charge assigned to G is negative. Thus,
no such minimal counterexample exists and the theorem holds for all planar
graphs of girth 7.

D

Corollary 4.6.5. If G is a planar graph with girth at least 7 then Xs( G) :S: 7.
Proof By Theorem 4.6 .1, G has an in-coloring with 7 colors. By Proposi-

tion 2.3.2, this is also a star coloring of G.

D

Chapter 5

Girth 5 Construction
5.1

Planar Graph of Girth 5 Requiring 6 Colors to Star Color

In this section we construct a planar graph of girth 5 requiring at least 6
colors in any star coloring.
Let x and y be the vertices of degree 6 in K 2 ,6 • Call the degree 2
vertices bi for 1 :::; i :::; 6. For each i = 1, 2, 3, 4, 5, add edge bibi+l · For each
i

= 1, 2, 3, 4, 5, 6, subdivide edge xbi and edge ybi with vertices ai and di

respectively. Call this graph H. When two vertices x andy are connected by
this type of structure x and y are said to be weakly adjacent. The structure
will be called a weak edge and will be denoted by a double edge (See Figure
5.1). For the construction presented here, the weak edge between two vertices

x and y will be an induced subgraph. Edges will not be added from a weak
edge to other vertices outside of the weak edge. Only vertices x and y will
be adjacent to vertices outside of the weak edge.
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.T

y

y

Figure 5.1: Weak edge H between x andy

Before going into the main part of the construction, a technical lemma
is needed. In the lemma, x and y will be centers of 2-clusters. Let the special
neighbors of x be x1 and x2. Let the special neighbors of y be Y1 and Y2·
Lemma 5.1.1. Attach a 2-cluster C1 to y disjoint from H- {y} except

Yl

=

fi =

X'

and attach a 2-cluster c2 to

.1:

disjoint from ( H - { X}) u cl. Let

HUC1 UC2 . When five colors are available, the coloring of the 2-clusters

cannot be extended to a star coloring of ii without creating a 3-cluster.
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2

2

Y2

Y

Figure 5.2: H

Proof. Suppose such a coloring c is possible. Without loss of generality,

assume c(y) = 1, c(x) = 2, and c(y2 ) = 3 (See Figure 5.2). Color 1 is
forbidden on di since di is adjacent toy. Colors 2 and 3 are forbidden on di
since colors 2 and 3 have been assigned to the special neighbors of y. To avoid
creating a 3-cluster, colors 1 and 2 are forbidden on the bi path. Therefore,
the bi path must be colored using 3,4, and 5.

occurs if c(bi) = 5 and c(bi+l) = 4.
This shows that colors 4 and 5 cannot appear consecutively on the
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b; path. To avoid a 2-colored P4 , this path must be colored using the pattern 3,4,3,5,3,4,3,5, etc. Let c(bj) = c(bi+ 2) = c(bi+4) = 3. Without loss
of generality, assume c(bj+l) = 4 and c(bJ+ 3) = 5. If c(dJ+ 2 ) = 4, then
dj+2bJ+2bj+lbi is a 2-colored P4 . If c(dj+2 )

= 5, then dj+2bi+ 2bi+3bi+4 is a

2-colored P4 . Thus, no color is available for dj+ 2 and the proposed coloring
cannot be completed.
0

Let v be a vertex adjacent to all the vertices on a path of length 13
given by

Y1 , Y2 , ... , Yl3·

add edges

YiYi+4·

Subdivide each edge

'IIYi

with

X i-

For each i

=

1, 5, 9,

Call this graph G 1 (See Figure 5.3).

v

X

Figure 5.3: G1
Lemma 5.1.2. Attach a 1-cluster C to v in G1 . Let

G1

= G1 U C. When

five colors are available, the coloring of the 1-cluster cannot be extended to a
star coloring of G1 without creating a 2-cluster.
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Proof. Suppose such a coloring c is possible. Assume v is assigned color 1

and the special neighbor of v is assigned color 2. For the coloring to be
proper, color 1 is forbidden on each xi. To avoid a 2-colored P4 , color 2 is
forbidden on each

Xi.

Fori= 1, 5, 9,

To avoid a 2-cluster, color 1 is forbidden on each
YiYi+IYi+2Yi+3Yi.+4Yi

Yi·

is a 5-cycle. Since color 1 is forbid-

den on each y;, every one of these 5-cycles must be colored using only colors
2,3,4 and 5. By Proposition 2.3.3, a 5-cycle requires 4 colors to star color, so
in each 5-cycle, exactly one of the colors 2,3,4, or 5 must be used twice.
Suppose color 3 is repeated on two vertices on a 5-cycle of the form
YiJ/i+1Yi+2Yi+3Yi+4Yi·

Two cases are considered depending on where the color

2 appears on this 5-cycle.

Case 1: Color 2 is assigned to the vertex adjacent to both vertices
on the 5-cycle that have been assigned color 3.

1v

Xj

3
2
3 ~--------------------~5
Yi+4
Yi

Figure 5.4: Partial coloring of G 1 in Case 1
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Relabel the vertices on the 5-cycle so that c(yi) = c(Yi+ 2) = 3,
c(Yi+I)

= 2 and Yi+3, Yi+4 are the other vertices on the 5-cycle (See Fig-

ure 5.4) . Using the symmetry of colors 4 and 5, it may be assumed that
c(YJ+3)

= 4 and c(Yi+4) = 5. To avoid a 2-cluster, color 3 is forbidden on

Xj+3 and Xj+4· For the coloring to be proper, Xj+ 3 cannot receive color 4.

Thus, the only available color for Xj+ 3 is 5. Similarly, c(xj+4) = 4 so that the
path xi+4Yi+4Yi+3Xj+3 is a 2-colored P4, a contradiction.
Case 2: Color 2 is assigned to a vertex adjacent to only one of the
vertices on the 5-cycle that has been assigned color 3.
Relabel the vertices on the 5-cycle so that c(!}j)
c(Yi+3)

=

c(!Jj+ 2 )

= 3,

= 2 and the other two vertices on the 5-cycle are Yi+l and Yi+4 ·

Using the symmetry of colors 4 and 5, it may be assumed that c(Yi+l) = 4
and c(JJjH) = 5 (See Figure 5.5).

lv

3

3~------------------4 5
Yi+4

Figure 5.5: Partial coloring of G 1 in Case 2
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For the coloring to be proper, color 3 is forbidden on Xj since Xj is
adjacent toY]· If c(xj)
c(xj)

= 4, then

XjY]Y]+lYJ+ 2 is a 2-colored ?4. Therefore,

= 5. Using a similar argument, colors 3 and 4 are forbidden on

If c(xJ+2)

= 5, then Xj is the center of a 2-cluster with legs VXj+2 and

:EJ+2·

Y]Yj+4·

Thus, no color is available for Xj+ 2 and this completes Case 2.
This shows color 3 may not be assigned to two vertices on a 5-cycle
of the form YiYi+lYi+2Yi+3Yi+4Yi with i = 1, 5, or 9. By symmetry of colors
3,4, and 5, no 5-cycle of this form can have colors 3,4, or 5 repeated. This
implies that the color 2 must be used twice on each of these 5-cycles. First
we focus on the 5-cycle YsY6Y7Y8Y9Y5· Suppose c(y5) = 2 (See Figure 5.6).

v

Figure 5.6: Partial coloring of G 1
For the coloring to be proper, color 2 is forbidden on Yt , y4, Y6 and yg.
Therefore, one of y2 or y3 must be assigned color 2 and one of y7 or Ys must
be assigned color 2. Regardless of where color 2 is assigned, y5 is the center
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of a 2-cluster since each of Y2, y3 , y7 and Ys are second neighbors of y5 . This
shows that color 2 may not be assigned to y5 • By the symmetry of the graph,
color 2 cannot be assigned to y9 .
Since color 2 is forbidden on y5 and y9 , and color 2 must be used twice
on the cycle YsY6Y7Y8Y9Ys, the only possibility is to have c(y6)
If c(yl)
Y7Y8· If c(y4)
If c(y5 )

= c(ys) = 2.

= 2, then Y6 is the center of a 2-cluster with legs y5 y1 and

= 2, then Y6 is the center of a 2-cluster with legs YsY4 and Y7Y8·

= 2, then the coloring is improper since y5 is adjacent to Y6· The

only vertices that can be assigned color 2 in the cycle YlY2Y3Y4Y&Yl are Y2 and
Y3· Both of these vertices cannot be assigned color 2, or else the coloring is

improper. Therefore, the proposed coloring cannot be completed.

D

Let G2 be the graph constructed as follows. Begin with a wheel in
which the vertices on the cycle are q1 , q2 , q3 , q4 , and q5 . Call the center of the
wheel v. For each i, subdivide vqi with Yi (See Figure 5.7). For each i, add
weak edge

VJJi

(See Figure 5.8).
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v

Ys

}1

Figure 5. 7: The subdivided wheel in G2
1)

Figure 5.8: Subgraph of G 2 inside the cycle vyiqiqi+lYi+l v
Lemma 5.1.3. Attach a 2-cluster C to v in G 2 . Let

G2 =

G 2 U C. When

five colors are available, the coloring of the 2-cluster cannot be extended to a
star coloring of G2 without creating a 3-cluster.
Proof. Suppose such a coloring c is possible. Assume v has been assigned

color 1 and the special neighbors of v have been assigned colors 2 and 3.
For the coloring to be proper, color 1 is forbidden on each JJi· To avoid a
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3-cluster, color 1 is forbidden on each q; . Since each y; is adjacent to v and
the special neighbors of v have been assigned colors 2 and 3, colors 2 and 3
are forbidden on Yi.
Suppose c(y;) = 4 for all i. Then color 4 is forbidden on the 5 cycle
q1 q2 q3 q4 q5 q1 . The only colors available for this cycle are colors 2,3, and 5.

Since a 5-cycle requires 4 colors to star color, the supposition that c(y;) = 4
for all i cannot hold. By symmetry of colors 4 and 5, this implies that

c(yi) = 5 for all i is impossible as well. Due to the cyclic symmetry of the
graph and the fact that there are five Yi vertices, it may be assumed that
c(Jil) = c(IJ2 ) = 4 and c(y3 ) = 5. Two cases are now considered depending
on how the remaining y; vertices are colored.
Case 1: c(y4 ) = 4

The color 4 must be assigned to at least one vertex on the cycle
q1 q2 q3 q4 q5 . For the coloring to be proper, color 4 cannot be assigned to

vertices q1, q2 or q4 .
If c(q5 )

= 4, then c(y5 ) = 5. Using the cyclic symmetry of the graph,

this is equivalent to c(q3 ) = 4 (since c(y3 ) = 5) . Without loss of generality,
we may assume that c(q3 ) = 4 (See Figure 5.9).
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1v

Figure 5.9: Case 1, Subcase 1 (weak edges not shown)
Vertex

Y2

Lemma 5.1.1 to

is the center of a 2-cluster with legs vy 1 and q2 q3 . Applying
Y2

and

11,

the weak edge between y2 and v must contain a

3-cluster. This completes Case 1.

1v

4 Yt

Figure 5.10: Case 2 (weak edges not shown)
Case 2: c(y4 ) = 5 (See Figure 5.10)
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Using the cyclic symmetry of the graph and the symmetry of colors
4 and 5, we may assume c(y5 ) = 5. The color 5 must be assigned to at least
one vertex on the cycle (/1 q2 q3 q4 q5 q1 . Using the cyclic symmetry of the graph,
it may be assumed that c(q2 ) = 5.
Then Y3 is the center of a 2-cluster with legs vy2 and q3q2.

By

Lemma 5.1.1, the weak edge between y 3 and v must contain a 3-cluster.
This completes Case 2.

0

Let G3 be the graph constructed as follows. Let q1 , q2, q3 , q4 and q5
be the vertices on a wheel with center v. For each i, subdivide each edge vyi
with Yi· This completes the construction of G3 (See Figure 5.11).
v

y

Y5

qs
Figure 5.11: G3

Lemma 5.1.4. Attach a 3-cluster C to v in G 3 . Let

G3

= G 3 U C. When

five colors are available, the coloring of the 3-cluster cannot be extended to a
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star coloring of G3.
Proof Suppose such a coloring c is possible. Assume v has been assigned
color 1 and the special neighbors of v have been assigned colors 2,3, and 4. To
avoid a 2-colored P4 , each Yi must be receive color 5. This implies that color
5 is forbidden on the 5-cycle q1 q2 q3 q4 q5 q1 . Color 1 is also forbidden on this
cycle, for if c(qi) = 1 then qiYi1'Jli+l is a 2-colored P4 where the subscript
is reduced modulo 5 if necessary. This implies that the 5-cycle

i+ 1

QlQ2Q3Q4Q5Ql

is star colorable with three colors, which is not possible.

D

Let G be the graph constructed as follows. To every vertex x in K 1 ,6 ,
attach an isomorphic copy of G 1 by identifying .1: with v, where vis the same
vertex as shown in Figure 5.3. Call this graph G'. To every vertex y of G',
attach an isomorphic copy of G2 by identifying y with v, where vis the same
vertex as shown in Figure 5. 7. Call this graph G" . To every vertex z of G",
attach an isomorphic copy of G 3 by identifying z with u, where vis the same
vertex as shown in Figure 5.11. This completes the construction of G. Note
that G is planar with girth 5.
Theorem 5.1.5. G cannot be sta·r color·ed when only jive colors are available.

Proof Suppose such a coloring cis possible. By Proposition 2.3.12,

K1,6

must

contain a 1-cluster. Call the center of this 1-cluster x. By Lemma 5.1.2, there
exists a 2-cluster in the graph c"; 1 associated with :r:. Call the center of this
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2-cluster y (it is not necessary for y
3-cluster in the graph

G2

# x).

By Lemma 5.1.3, there exists a

associated with y. Call the center of this 3-cluster

z (it is not necessary for z

# y).

By Lemma 5.1.4, the graph (; 3 associated

with z cannot be star colored when only five colors are available. Therefore,
no such coloring c exists.

0

Chapter 6

Planar Bipartite Construction
6.1

Planar Bipartite Graph Requiring 8 Colors to Star Color

In this section a planar bipartite graph requiring at least eight colors to star
color is constructed.
Lemma 6.1.1. Consider a coloring of Pn . Call a vertex v repeated if the
color assigned to v appears on another vertex in the coloring. The maximum
n such that Pn has a proper k-coloring with no consecutive repeated vertices

is 2k- 1.
Proof. Suppose Pn has no consecutive repeated vertices with n as large as

possible. Let X be the set of all vertices that are not repeated vertices. Since
there are no adjacent repeated vertices, Pn- X is an independent set so that
each edge of Pn is incident with a vertex in X. Hence le(Pn)l = n-1:::;
If

lXI :::;

k- 1, then n- 1 :::; 2k-

2 so

that n :::; 2k- 1. If

lXI

2IXI.

= k, then

all colors have been used on Pn exactly once so that n = k. But k :::; 2k - 1
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whenever k 2: 1, and son :S 2k- 1.
A k-coloring of Pn that achieves this bound is obtained by assigning
color 1 to every other vertex on Pn starting with one of the endpoints. A
distinct color is assigned to each remaining vertex.

0

Lemma 6.1.2. Let x and y be the two vertices of degree 7 in K 2,7 . In any
star coloring with seven colors,

:r;

and y cannot be assigned the same color.

Proof. Suppose such a coloring is possible. Assume color 1 is assigned to

both x and y. For 1 :=:; i :S 7, let zi be the degree 2 vertices in K 2 ,7 . Each zi
must receive a distinct color, for if two such vertices are given the same color,
say
zi

zi

and

Zj' ,

then

X ZjYZi'

is a 2-colored ? 4 . Color 1 is forbidden on each

since each zi is adjacent to x. There are only six colors available for the

seven zi vertices, and each requires a distinct color, so the proposed coloring
cannot be completed.

0

In this chapter, we redefine what is meant by a weak edge. This
definition will be different from the definition given in Chapter 5.
Definition 6.1.3. Joining two vertices x andy using a K 2 , 7 will be denoted
by a double edge. This type of connection between two vertices will be called
a weak edge (See Figure 6.1). When x andy are connected by a weak edge,
x and y are said to be weakly adjacent. A path constructed using weak edges
will be called a weak path.
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X

X

y

y

Figure 6.1: Weak Edge

Definition 6.1.4. Let z1 , z2 , ... , z7 be the degree 2 vertices in K 2 ,7 . For each
i

= 1, 2, ... , 6, add weak edge

ZiZi+l·

Call this graph the diamond configu-

ration. The diamond configuration will be denoted using a 4-cycle in which
the two exterior vertices of degree 9 will be depicted as o, and the degree 7
vertices will be depicted as • {See Figure 6.2}.
:r;

y
Figure 6.2: The diamond configuration

Let G 1 be the graph constructed as follows. Begin with a K 2 ,10 and
call the degree 10 vertices u and w . Call the degree 2 vertices
Fori= 1, 2, ... , 9, add weak edge

ViVi+l

(See Figure 6.3).

·11 1 ,

v2 , . • . , v 10 .

98

w
Figure 6.3: Partial construction of G 1
Call the degree 2 vertices in the weak edges xJ., x~, ... , x~, where x~ is
adjacent to Vi and Vi+l· For each i, add edge xjx~+l for 1 :::; j :::; 6. Subdivide
x~x)+l with

yj

for 1:::; j:::; 6 (See Figure 6.4).
u

w
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Figure 6.4: Partial construction of G 1 showing subgraph inside the region
bounded by the cycle viuvi+l wvi

For 1 ::; j ::; 6, insert an isolated vertex sj into each region bounded
by the cycle vix~y;x)+ 1 vi. For 1 ::; j ::; 6, insert an isolated vertex t~ into
each region bounded by the cycle vi+l·r~yj:r:~+ 1 11i+l·
Add two diamond configurations in which the first diamond configuration has • vertices vi and
vertices s~ and

s),

and the second diamond configuration has •

yj . Add another two diamond configurations in which the first

diamond configuration has • vertices
configuration has • vertices t~ and
Add an edge from each
ated with vertices

o

vi+ 1

and t~, and the second diamond

yj.

vertex of the diamond configuration associ-

s; , y; to the vertex vi. Similarly, add an edge from each

o vertex of the diamond configuration associated with vertices t~, yj to the
vertex vi+l (See Figure 6.5). This completes the construction of G 1 .
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.i
"l j

.,,i
'"j + l

Figure 6.5: Subgraph of G 1 inside the region bounded by the cycle

Lemma 6.1.5. When seven colors are available, G 1 cannot be star colored

without creating a 3-cluster.
Proof. Suppose such a coloring c exists. Vertices u and w are weakly adjacent

so they must receive distinct colors. Assume c(u) = 1 and c(w) = 2. Each Vi
is adjacent to u and w, so colors 1 and 2 are forbidden on each vi· The v/s
must be colored using only colors 3,4,5,6 and 7. Also, for each i , Vi is weakly
adjacent to

Vi+l

so c( vi)

i= c( vi+ I).

There are ten v/s and only five colors available for these vertices so
by Lemma 6.1.1, two of colors must repeat, say colors 3 and 4, and one of
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the instances of repetition occurs on two consecutive v/s. Assume c( vk) =
c( vi) = 3 and c( vk') = c( v;+l) = 4.
The argument is applied only to the subgraph lying inside the region
bounded by the cycle viwvi+ 1 uvi. For notational convenience, the superscript
of all of the vertices lying in this region is dropped. For instance xj is now
Xj

andy} is now y1 (See Figure 6.6).

w
Figure 6.6: Partial coloring of G 1 with superscripts removed
If r.(x1 ) = 1, then

Xjviuvk

is a 2-colored P4 . If c(:ri) = 2 then

is a 2-colored P4 . Colors 3 and 4 are forbidden on

Xj

:I:j'l'{IIJVk

since is adjacent to
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both

vi

and

This shows that the

vi+l·

xj's

must be colored using only colors

5,6, and 7.
If c(:~:j)

legs

= c(:r;j+I)

ViXj+l, vi+IXj+l,

for some j , then

and

yjXj+l·

Hence

:~;j

is the center of a 3-cluster with

c(xi)-=/= c(xi+l)·

This shows that the x/s can only be colored with colors 5,6, and 7
and that consecutive x/s may not be assigned the same color. Since there
are seven

Xj

vertices and only three colors available by Lemma 6.1.1, two

colors must be repeated with one of the instances of repetition occurring on
two consecutive x/s. Using symmetry of colors 5,6, and 7, it may be assumed
that c(:rj) =

5 and

c( :I:j') =

c(:I:j+l)

= c(:rJ'') = 6.

Let the weak path associated with diamond configuration v; and
be called rj,1, rj, 2 , .•.

,

figuration

be called

sj

and

Yj

Tj,?·

.Sj

Let the weak path associated with diamond conZj,l,

ated with diamond configuration

zj, 2 , ... ; Zj,?· Let the weak path associ-

Vi+l

and tj be called rj, 1 , rj, 2 , ... , rj,7. Let

the weak path associated with diamond configuration tj and YJ be called

zj,1 ; zj,2 , ... ,zj,7

(See Figure 6.7).
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w
Figure 6.7: Partial coloring of G 1 with weak paths labeled

Claim 1: c( Zj,l), c( Zj,?) E { 4, 7} and c( Zj ,t) =/= c( Zj,?)
If c(zj,t) = 1, then

Zj, 1 V;UVk

is a 2-colored P4 . If c(zj,I) = 2 then

Zj,l v;wvk is a 2-colored P4 . Color 3 is forbidden on Zj,l since Zj,l is adjacent

to

v;.

and

If c(zj, 1) = 5, then

'!/jZj,I·

v;+lX]"•

If c(zj, 1 )

Xj

is the center of a 3-cluster with legs

V;Xj', vi+ 1 xJ',

= 6, then :r1+1 is the center of a 3-cluster with legs V;:Lj",

and y1zj,l· This shows c(z1,1 ) E {4, 7}. The same argument with

replaced by

Zj,?

If c(z1,1)

shows

c(z1,7 )

E

Zj, I

{4, 7} .

= c(z1,7 ) , then z1,1 is the center of a 3-cluster with legs 1';Zj,7,
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Y]Zj,7,

and

SjZj ,7·

Therefore

c(zj, 1 )

=f.

c(zj,7 ).

This proves Claim 1.

Using the symmetry of the graph, it may be assumed that

c(zj,l)

=7

and c:(zj,7 ) = 4. Using the vertical symmetry of the graph and the symmetry
of colors 3 and 4, we may assume c( zj, 1 )
The vertices

= 7 and c( zj, 7 ) = 3.

zj, 7 , Zj,7, Xj, Xj+l> zj,l are all neighbors of

yj,

and these

vertices have been assigned colors 3,4,5,6, and 7 respectively. By symmetry
of colors 1 and 2, we may assume

c(yj)

= 1 (See Figure 6.8).

w

Figure 6.8: Partial coloring of G 1

Claim 2: Color 6 is forbidden on

Zj+l, 1 , Zj+1,7, Xj+2·
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If c(zj+l,l) = 6, then Xj+l is the center of a 3-cluster with legs viXj" ,
Vi+lxi'''

and Yj+lZj+l,l· A similar argument applies to Zj+l,7· If c(xJ+2) = 6,

then .r,j+l is the center of a 3-cluster with legs vixj", vi+ 1 xj"' and Yi+l:Ej+2·
This proves Claim 2.
Using the fact that x 1+2 is adjacent to both vi and vi+l, and using
the results of Claim 2 there are only two cases for Xj+ 2. The two cases are
c(xj+2) =

5 or c(xj+2) = 7.

Case 1: c(xj+2) = 5

Using a similar argument as used in Claim 1 where z1,1 and z1,7
are replaced by Zj+l,l and ZJ+1,7, we have c(zj+l,l),c(zj+1. 7) E {4, 7} and
c(zj+l,I)

I

c(zj+l,7 ). It may be assumed that c(zj+1, 1)

Figure 6.9).

= 7, c(zj+l, 7) = 4 (See
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3
'Vi·f'i';E~----------,rt--------------=....

Figure 6.9: Partial coloring of G 1 in Case 1

Claim 3:

c(zj,i)

= 2, 3, 4, 5, 6

E {2, 3} for each i

Color 1 is forbidden since each
assigned color 1. If c(zj,i) = 4, then
yjzj,i, SjZj,i,

and

vizj+l,T·

3-cluster with legs

If

c(zj,i)

ViXj", vi+ 1Xj",

center of a 3-cluster with legs

Zj,i

Zj,T

is adjacent to

Yj

and y 1 has been

is the center of a 3-cluster with legs

= 5, then

Xj

and y 1zj,i· If

yjzj,i, sjzj,i ,

and

The results of Claim 3 show the weak

is the center of a 3-cluster

c(zj,i)

ViZJ+ 1 ,1 .

Zj ,i

= 7, then

Zj,l

is the

This proves Claim 3.

path, with the exception of
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Zj ,l

and

c(zj,i)

Zj,7,

must be colored using colors 2 and 3. For each i

i=- c(zj,;+l) since

zj,i

is weakly adjacent to

Zj,i+l·

= 2, 3, 4, 5, 6,

Without loss of

generality, assume c(zj, 2 ) = 2 and c(zj, 3 ) = 3. Using the symmetry of the
graph, it may be assumed that c(zj, 2 ) = 2 and c(zj, 3 ) = 4 (See Figure 6.10).
5Xj

Figure 6.10: Partial coloring of G 1 in Case 1

Claim 4: ch,;) E {5, 6} for each i = 1, 2, ... , 7
If c(rj,i)
Tj ,;V;7Ir uk

= 1, then

Tj,iviuvk

is a 2-colored P4 . If c(rj,i)

is a 2-colored P4 . Color 3 is forbidden on

Tj,i

since

to vi and v; has been assigned color 3. If c(rj,i) = 4, then

Tj,i

Zj, 7

= 2 then
is adjacent

is the center
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of a 3-cluster with legs

Sj'T'j,i, v;rj ,i,

and Yiz.j ,3 . If

center of a 3-cluster with legs v;zj+l,1 , yizj.l , and

c(rj,i)

SjTj,i ·

=

7, then Zj,l is the

This proves Claim 4.

By Claim 4 and the fact that each Tj,; is weakly adjacent to r·i.i+ 1 , it
may be assumed that

c(rj, 1 ) =

5 and c(rj,z) = 6.

Claim 5: No color is available for si
Vertex Yi is weakly adjacent to sj, so the color 1 is forbidden on
Sj·

Vertex

Sj

is adjacent to Zj, 2, Zj, 3 , ZJ.7, Tj, 1 , Tj, 2 , and Zj,l which have been

assigned colors 2,3,4,5,6, and 7 respectively. This shows no color is available
for si and the proposed coloring cannot be completed.
This completes Claim 5 and Case 1.

Case 2: c(xj+Z) = 7
A consequence of Case 1 is that if colors 5 and 6 occur on consecutive
:ci's, say :r:k and :r:k+I, then :rk+Z cannot be assigned colors 5 or 6. Color 6 is
forbidden to avoid a 3-cluster, and color 5 is forbidden by what is shown in
Case 1. Since there are seven x;'s and we cannot have three consecutive x;'s
colored using just 5 and 6, there must be another occurrence of the color 7
on some :c; other than

:r:i+Z·

Assume c(:ci'")

=

7.

Claim 6: c(zj+l,I) , c(zj+l,7 ) E {4, 5} and c(zj+l,t)

i- c(zj+1,7)

Since Zj+l,l and zJ+ 1,7 are both adjacent to v;, the colors 1 ,2, and 3
are forbidden on Zj+l,l and Zj+ 1 ,7 . If c(zJ+ 1,1 )
a 3-cluster with legs

v;Xj" , Vi+1Xj" ,

and

= 6, then :r:i+l is the center of

Yi+1ZJ+1,l ·

If c(zJ+l ,l)

=

7, then Xj+2
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is the center of a 3-cluster with legs
argument applies to
If c(zi+ 1,1)
Sj+1Zi+1 ,7, ViZj+l ,7,

=

ViXj"', ViHXj"',

and

Yi+lzi+l ,l·

A similar

Zj+l, 7 .
c(zi+l, 7 ),

then

Zj+l,l

is the center of a 3-cluster with legs

and Yi+lzi+l, 7 · This proves Claim 6. The results of Claim

6 show that it may be assumed that c(zi+ 1,1 )

=

5 and c(zi+ 1,7 )

Figure 6.11).

Figure 6.11: Partial coloring in Case 2
Claim 7: c(zi,i) E {2, 3} fori= 2, 3, ... , 6

=

4 (See

llO
Color 1 is forbidden on each
c(zj,;)

= 4, then

11iZJ+ 1,7 .

and

Zj,i

as each

is adjacent to Y] . If

Zj,i

Zj, 7 is the center of a 3-cluster with legs y1 zj,i,

If c(zj,i) = 5, then :r;j is the center of a 3-cluster with legs
If

v;+IXj'.

yjzj ,i, V;Xj",

with legs

= 6, then

c(zj ,i)

and

v;+IXj"·

yjzj,i , SjZj,i ,

Xj+I

V;Xj+ 2 .

and

i/jZj,;, v;:r:j',

is the center of a 3-cluster with legs

If c(zj,i) = 7, then

and

sjzj,i,

Zj,l

is the center of a 3-cluster

This proves Claim 7.

The results of Claim 7 show that it may be assumed that c(zj,2)
2, c(zj ,3 ) = 3. By the symmetry of the graph, it may also be assumed that
c(z'-], 2)

= 2 ' c(z'-J, 3 ) = 4.

Claim 8: c(rj,;) E {5, 6}
Using the same argument as used in Claim 4, colors 1,2, and 3 are
forbidden on

rj,i

since

rj ,i

is adjacent to

center of a 3-cluster with legs

.'ij'T'j,;, v;rj,;,

is the center of a 3-cluster with legs

v;.

and

If c( rj,i) = 4, then
yjzj, 3,.

8jTj,i, virj,i,

and

Zj,7

is the

If c('T'j,;) = 7, then
yjzj+I,l·

Zj,l

This proves

Claim 8.
By Claim 8, it may be assumed that c(rj,J)

Claim 9: No color is available for

= 5 and

c(rj, 2)

= 6.

Sj

Color 1 is forbidden on Sj since Sj is weakly adjacent to YJ. Vertex Sj is
adjacent to Zj, 2, Zj,3 , zj,7, rj,1, rj, 2, zj,l which have been assigned color 2,3,4,5,6 ,
and 7 respectively. Hence, no color is available for

sj.

This completes Case 2 and the proof of the lemma.

D
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Let G 2 be the graph constructed as follows. Begin with

K2,1

and call

the degree 7 vertices v and w. Call the degree 2 vertices X; for 1 :::; i :::; 7. Add
a diamond configuration between

and

x;

:ri+ 1

in which

:r;;

and

:r:i+l

are the

• vertices. Call the vertices on the weak path of this diamond configuration

ui. u2, ... ,u~ where u~
that

is adjacent to

X;

and x;+J· Label this weak path so

ui x;vx;+l ui is a facial boundary that contains no u~ in its interior. Add

a diamond configuration inside each region bounded by the cycle vx;+l ui x;v
in which

v and ui are the • vertices.

diamond configuration

Yi, y~, ... , y~.

Call the weak path associated with this
For each i, add weak edges between

y~, :r; and y~, :r;+ 1 (See Figure 6.12).

v

w
Figure 6.12: Subgraph of G2 inside the region bounded by the cycle

Note that vertex

ni

is a • vertex for the diamond configuration as-
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sociated with

v, y~ , ui, yf and is a o vertex for the diamond configuration

associated with xi, ui,l: xi+l, ui, 7. In the figure ui has arbitrarily been shown
as a • vertex.
Lemma 6.1.6. Attach a 3-cluster C to v in G2 • Let G2 = G2 U C. When
seven colors are available, the coloring of the 3-cluster cannot be extended to
a star coloring of 0 2 without creating a 4-cluster.
Proof Suppose that such a coloring cis possible. Assume

11

has been assigned

color 1 and the special neighbors of v have been assigned colors 2,3, and 4.
Note any neighbor of v cannot be assigned colors 1,2,3, or 4. To avoid a
4-cluster, any second neighbor of v cannot be assigned color 1.
Since each x; is weakly adjacent to xi+l , c(x;)

-=/:-

c(xi+l)· Since there

are seven xi vertices and three colors available for the x; 's, by Lemma 6.1.1
two colors must be repeated and one occurrence of this repetition must occur
on two consecutive

.?:i 's.

Assume c(x;)

= c(xk) = 6 and

c(x;+ 1)

= c(xk') = 5 (See Figure 6.13).
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Figure 6.13: Partial coloring of G 2
u~xi+lwxk' is a 2-colored P4. Therefore c(uj)

-=I

c( w) for each j. The same argument with uj replaced by u;+l shows c( uj+l)

-=f=

If c(uj)

= c(w), then

c(w). Furthermore, since ui and

ui+ 1 are weakly adjacent to v,

c(ui)

-=f=

1

For each j, c(yj) E {5, 6, 7} as each yj is a neighbor of v. Also yj
is weakly adjacent to

yj+l

so c:(yj)

-=f=

c(yj+ 1 ) . This implies that one of the

colors 5 or 6 must occur on some yj. Using the symmetry of colors 5 and 6,
assume c(y;,) = 5 for some m. Then xi+l is the center of a 3-cluster with
legs w:ck', vxk', and uiy;, (See Figure 6.14).
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Figure 6.14: Partial coloring of C2
If c(yj+l) = 5, then Xi+l is the center of a 4-cluster with legs ut+ 1yjH. wxk',
vxk', and uiy;,.

If c(xi+ 2 ) = 5, then

xi+l is the center of a 4-cluster with legs

.
d i i Fu r th er, smce
'
t
Xi+2 an d eac h yji+l are a dJacen
u i+l
1 Xi+2 : wxk', vxk', an u 1Ym·
to v, colors 1,2,3, and 4 are forbidden on these vertices. This shows that y~+l
and xi+l must be colored using colors 6 and 7.
For each j ,

yj+l

is weakly adjacent to y~ti. This implies both colors 6

and 7 must appear on the weak yJ+ 1 path. Assume c(y~+l)

=

6 and c(y~~\)

=

7 for some n. Since ut+l is weakly adjacent to v, the only colors available for

n1H are colors 2,3 , and 4.

Using the symmetry of these colors, let c( 11.~+1) = 2.

Two cases are now considered depending on how Xi+2 is colored.
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w

Figure 6.15: Partial coloring G 2 in Case 1

Case 1: c(xi+ 2) = 6 (See Figure 6.15)
Color 1 is forbidden on w since w is weakly adjacent to v. Color 2 is
forbidden on w for if c( w) = 2, then wxi+ 2 u~+ly~+l is a 2-colored P4 . Colors
5 and 6 are forbidden on w since w is adjacent to both x; and

Xi+!·

Hence

the colors available for w are 3, 4, or 7. By symmetry of colors 3 and 4, only
two subcases need to be considered .

Subcase 1: c(w) = 3
For each j, uj+ 1 is a second neighbor of v so color 1 is forbidden on

c(u~+l) = 3 for some j, then u~+lxi+ 2 wxi is a 2-colored

?4.

are forbidden on each uj+ 1 as each u~+I is adjacent to both

Colors 5 and 6
Xi+!

and Xi+2·
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Each u~+l is weakly adjacent to u~t\ so c(u;+ 1)

f- c(ujt\).

This implies that

the weak path u/ 1 must be colored using colors 4 and 7 and both of these
colors must appear on the weak path. Without loss of generality, c(u~+l)
and c( u~+l)

=4

= 7 (See Figure 6.16).
1v

w
Figure 6.16: Partial coloring of G 2 in Case 1, Subcase 1
We claim that no color is available for
since

11.1

is adjacent to :ri and xi+l· Both

ui.

Y!n

Colors 5 and 6 are forbidden

and :ri+l have been assigned

color 5 and they are neighbors of ut. Colors 1,2,3,4, and 7 appear on vertices
in the neighborhood of xi+!· Assigning

ui any of these colors would result in

a 2-colored P4 . This shows no color is available for
1.

Subcase 2: c(w) = 7

ui and completes Subcase
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For each j, u}+l is a second neighbor of v, so color 1 is forbidden
1 If c(ui+l) = 2 for some J. then ui+ 1x · ui+lyi+l is a 2-colored P
on ui+
J
•
1
>
J
' +2 1
m
4·

·u.? 1 as each u~+I

Colors 5 and 6 are forbidden on each

Each u~+l is weakly adjacent to u~"t~ so c(uj+l)

#-

is adjacent to both

c(u~'t~). This implies that

the weak path u~+l must be colored using colors 3 and 4 and both of these
colors must appear on the weak path. Without loss of generality, assume
c(u;+ 1 ) = 4 and c(u;+ 1 ) = 3 (See Figure 6.17) .

w

Figure 6.17: Partial coloring G 2 in Case 1, Subcase 2

on u{ since ui is adjacent to x; and Xi+l·

v.t. Colors 5 and 6 are forbidden
Both y:,. and x;+l have been assigned

ut.

Colors 1,2,3,4, and 7 all appear on

We claim that no color is available for

color 5 and they are neighbors of
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vertices adjacent to Xi+l· Assigning ui any of these colors results in a 2colored P4 . This shows no color is available for

ui

and the proposed coloring

cannot be completed.
This completes Case 1.

1v

w

Figure 6.18: Partial coloring of a subgraph of G 2 in Case 2
Case 2: c(x;+ 2 )

=7

Color 2 is forbidden on w for if c( w) = 2, then w:~;i+ 2 n~+ 1 y~,~\ is a 2colored ? 4 . The colors available for wand 3 and 4. Without loss of generality,
assume c(w)

= 3.

1
1
1
If c(ui+
ui+lyi+l
is a 2-colored ?,4· If c(ui.+
) = 3 then
) = 2 then ui+ x
t+2 1
n+1
J
'
'
1
1

uj+lxi+ 1wxk' is a 2-colored

P4. Colors 5 and 7 are forbidden on u~+I, as each
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u~+l is adjacent to both Xi+l and xi+ 2 . Therefore, the weak u~+l path must be

colored using colors 4 and 6. Without loss of generality, assume c( u~+l) = 4
and c(u~+l) = 6 (See Figure 6.19).

w
Figure 6.19: Partial coloring of a subgraph of G 2 in Case 2
We claim that c( ui) = 7. Color 1 is forbidden on ui as ui is weakly
adjacent to v. If c(ui) = 2, then y:r,uixi+Iui+l is a 2-colored ? 4 . If c(ui) = 3,

colored ? 4 . Colors 5 and 6 are forbidden since

ul is adjacent to Xi+I

and x;.

The only remaining color for ui is 7.
Each

y}

is adjacent to

implies the weak path
y~

yj

ni,

so color 7 is forbidden on each

yj.

This

must be colored using only colors 5 and 6. Since

is weakly adjacent to Xi+ I , c(y~)

=

6. The colors must alternate on the
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weak path so c(y~)

= 6 implies c(yD = 6. But yf is weakly adjacent to xi

and c(xi) = 6. This shows no color is available for yf, and so the proposed
coloring cannot be completed. This completes Case 2 and the proof of the
lemma.

0
Let G3 be the graph constructed as follows . Let v be vertex of degree

three with neighbors y1 , y2 , Y3 · Add weak edges between vertices YI , y2 , and
Yt, y3, and Y2, y3. This completes the construction of G 3 (See Figure 6.20).
1J

Figure 6.20: G3

Lemma 6.1.7. Attach a 4-cluster C to v in G3 . Let

G3

=

G3 U C. When

seven color-s are available, the coloring of the 4-cluster cannot be extended to
a star coloring of G3 .

Pr-oof. Suppose such a coloring c exists. Assume v has been assigned color 1
and the special neighbors of v have been assigned colors 2,3,4, and 5. Colors
1,2,3,4, and 5 are forbidden on each Yi as each Yi is adjacent to v. The three Yi
vertices are pairwise weakly adjacent, so each Yi must be assigned a distinct
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color. Only colors 6 and 7 are available for the Yi vertices so the proposed
0

coloring cannot be completed.

Let G be the graph constructed as follows . To every vertex x of G1 ,
attach an isomorphic copy of G2 by identifying x with v where vis shown in
Figure 6.12. Call this graph G'. To every vertex y of G', attach an isomorphic
copy of G 3 by identifying y with v where v is shown as in Figure 6.20. This
completes the construction of G. Note that G is a planar bipartite graph.
Theorem 6.1.8. Xs(G) 2:: 8
Proof. Suppose G has a star coloring with 7 colors. By Lemma 6.1.5, there

must be a 3-cluster in G 1 . Let x be the center of this 3-cluster. By Lemma
6.1.6, the copy of
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attached to x must contain a 4-cluster. Let the center

of this 4-cluster bey (it is not necessary for y
copy of

63

#

:r). By Lemma 6.1.7, the

attached to y cannot be star colored when only seven colors are

available. This shows the proposed coloring cannot be completed.

0

Chapter 7

Girth 6 Construction
7.1

Planar Graph of Girth 6 Requiring 5 Colors to Star Color

In this section we construct a planar graph of girth 6 requiring at least 5
colors in any star coloring.
Let a path on nine vertices be given by q1 , Q2, . .. , qg. Add a vertex y
and edges yq 1 , yq5 , and yq9 . Add another vertex x and edges xq1 , xq3 , xq5 , xq7 ,
and xq9 . For each i, subdivide xqi with zi. Call this graph H. When two
vertices x and y are connected by this type of structure, x and y are said to
be weakly adjacent. The attachment will be called a weak edge and will be
denoted by a double edge (See Figure 7.1) . The term weak edge now has a
different meaning than the meaning given in Chapters 5 and 6.
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:r

X

y

y

Figure 7.1: Weak edge H between x andy

Lemma 7.1.1. Attach disjoint 1-clusters
in H such that c(x) = c(y). Let

fi

cl

and

c2

to

X

andy respectively

= H U C1 U C2 . When four colors are

available, a coloring of the 1-clusters cannot be extended to a star coloring of

ti

without creating a 2-cluster.

Proof. Suppose such a coloring cis possible. Assume c(x) = c(y) = 1 and
the special neighbor of x has been assigned color 2. Since each zi is adjacent
to x, colors 1 and 2 are forbidden on each zi· Suppose c(qi)

= 1.

If i

= 1, 5,

or 9, then the coloring is improper since qi is adjacent toy. If 'i = 2, 4, 6, or
8, then y is the center of a 2-cluster. If i

= 3 or 7, then x is the center of a

2-cluster. Therefore, color 1 is forbidden on each

Qi·
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y

Figure 7.2: Partial coloring of H
Suppose c(zl) = c(z3) = 3 (See Figure 7.2). For the coloring to be
proper, color 3 is forbidden on q1 and q3 . If c(q2 ) = 3, then q2 is the center
of a 2-cluster with legs q1 z1 and q3 z3 . If c(q4 ) = 3, then z3 is the center of a
2-cluster with legs q3 q4 and :1:z1 . So, q1 , q2, r13, and r14 must be colored using
only colors 2 and 4, which forces a 2-colored P4 . Therefore, c(z1 )

= c(z3 ) = 3

is impossible. A similar argument shows that color 3 cannot be assigned to
any other pairs of consecutive

zi 's.

Since the color assigned to the special neighbor of y is not used, colors
3 and 4 are symmetric, so color 4 is forbidden on pairs of consecutive

Zi

's

as well. We assume that c(zl) = c(z5 ) = 3 and c(z3) = c(z7) = 4 (See
Figure 7.3).
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y

Figure 7.3: Partial coloring of H
If c( Q2) = 3, then z1 is the center of a 2-cluster with legs
x z5 . If c(qz)

= 4, then

Q1 qz

and

z 3 is the center of a 2-cluster with legs q3q2 and xz7.

Therefore q2 must be assigned color 2. A similar argument applies to q4 and
(/6

and so these two vertices must be assigned color 2 as well. Then q4 is the

center of a 2-cluster with legs q3q2 and q5q6. Therefore, no color is available
for q4 and the proposed coloring cannot be completed.

0

Let G 1 be the graph constructed as follows . Let a path on thirteen
vertices be given by q1 , q2 , .•. , q13 . Add a vertex z and edges z q1 , zq5 , zq9 ,
and z q13 . Add a vertex

1J

and edges vq1 , vq3 , v q5 , .

subdivide vqi with xi. Add weak edges vq2 , vq4 , . .
the construction of G 1 (See Figure 7.4).

. ,

. . , V<JI3·

For each ·i,

vq12 . This completes
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v

z
Figure 7.4: G 1

Lemma 7.1.2. Attach a 1-cluster C to v in G 1 . Let G 1 = G 1 U C. When
four colors are available, a coloring of the 1-cluster cannot be extended to a
star coloring of G 1 without creating a 2-cluster.
Proof. Suppose such a coloring c is possible. Assume v has been assigned

color 1 and the special neighbor of v has been assigned color 2. Since each x;
is adjacent to v, colors 1 and 2 are forbidden on the x/s. To avoid a 2-cluster,
color 1 is forbidden on q1 , q3 , ..

. , q13 .

There are four colors available for z,

but because of the symmetry between colors 3 and 4, only three cases need
to be considered.
Case 1: c(z)

=1

If c(q;) = 1 where i is even, then q; is the center of a 1-cluster with leg

q;_ 1 z. In this case, q; is weakly adjacent to v and we apply Lemma 7.1.1 to q;
and v. This gives a 2-cluster in the weak edge between q; and v. Therefore,
color 1 is forbidden on qi for each even ·i. This implies that the colors available
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for the

Qi

path are colors 2,3, and 4.

Suppose c(x 1 )

= c(x3 ) = 3 (See Figure 7.5) .
lv

z
Figure 7.5: Partial coloring of G 1

If c(q2 ) = 3, then q2 is the center of a 2-cluster with legs q1 x 1 and q3 x 3 .
If c( q 4 ) = 3, then

X3

is the center of a 2-cluster with legs

q3q4

and vx 1 . For

the coloring to be proper, color 3 is forbidden on q1 and q3 . This shows that
q1 , q2 , q3 , and q4 must be colored using only colors 2 and 4, which forces a
2-colored P4 . So c(:ri)

= c(x 3 ) = 3 is impossible. A similar argument shows

that color 3 cannot be assigned to any other pair of consecutive

Xi

vertices.

Due to the symmetry between colors 3 and 4, color 4 cannot be assigned to
any pair of consecutive
Assume c(x 1)

xi

vertices as well.

= c(x5 ) = 3 and c(x 3 ) = c(x 7 ) = 4

(See Figure 7.6).
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1 (1

z
Figure 7.6: Partial coloring of G1
If c(qz)
If c(q2 )

= 3, then x1 is the center of a 2-cluster with legs q1 q2 and vx 5.

= 4, then x 3 is the center of a 2-cluster with legs q3q2 and vx7. A

similar argument shows colors 3 and 4 are forbidden on q4 and q6 . Therefore,
each of these vertices must be assigned color 2. Then q4 is the center of a 2cluster with legs q3 q2 and q5 q6 . We conclude that no such coloring is possible
and this completes Case 1.
Case 2: c(z) = 2

Since colors 3 and 4 are the only available colors for x 1 , x 5 , and

Xg,

one of the colors 3 or 4 must be repeated on these vertices. Assume c(xj ) =

c(xk)

=

3 where j < k and j, k E {1, 5, 9}.
If qj or qk is assigned color 1, then v is the center of a 2-cluster. Both

qj

and qk are adjacent to z so color 2 is forbidden on qj and qk. For the

coloring to be proper, color 3 is forbidden on qj and rtk since qj is adjacent to
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Xj,

and

qk

is adjacent to

Xk ·

Therefore, both

qj

and

qk

must assigned color 4

(See Figure 7. 7).

z
Figure 7.7: Partial coloring of G 1
Note that j < k and j, k E {1, 5, 9, 13} implies j
and

rJk- 1

are distinct vertices. If

P4 so color 2 is forbidden on
Qk- 1

also. If c(qi+l)

and

tl.'l:k·

= 3, then

c(qj+l)

qi+l ·

Xj

= 2, then

assigned to both q1+l and
If j =/= 1, then

CJj+!GjZ(/k

is a 2-colored

By symmetry, color 2 is forbidden on

is the center of a 2-cluster with legs q1qJ+ 1

By symmetry, color 3 is forbidden on

proper, color 4 is forbidden on

+ 1 =!= k- 1, so qj+ 1

qj+l

and

qk_ 1 .

qk-l·

For the coloring to be

Therefore, color 1 must be

Qk-1·

Qj-l

exists and by a similar argument used on

QJ+l

above, q1_ 1 must be assigned color 1. This implies that q1+l is the center of
a 1-cluster with leg

QjQj-l·

We apply Lemma 7.1.1 to q1+l and

v

to obtain

a 2-cluster in the weak edge between qJ+ 1 and v. To avoid this 2-cluster, we
must have j = 1.
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Then since k = 5 or k = 9,
used on

qk-l

qk+l

exists, and by a similar argument

above, Qk+l must be assigned color 1. Then

a 1-cluster with leg

Qkqk_ 1 ,

so we apply Lemma 7.1.1 to

a 2-cluster is the weak edge between

qk+l

Qk+l

CJk+l

is the center of
and v to obtain

and v. We conclude that no such

coloring is possible and this completes Case 2.

Case 3: c( z) = 3
Suppose c(xi) = c(xj) = 3 for any i , j E {1 , 5, 9, 13}. Then z is the
center of a 2-cluster with legs qixi and qjXj · This shows color 3 may be
assigned to at most one of x 1 , x 5 , x 9 , and x 13 . Using the symmetry of the
graph, we may assume c(:r:I)
must have c(qr)

= c(:r 5 ) = 4. For the coloring to be proper, we

= c(q5 ) = 2 (See Figure 7.8).

X

z
Figure 7.8: Partial coloring of G 1
If c(q2)

= 2 or

c(q4)

= 2, then the coloring is improper since

adjacent to q1 , and q4 is adjacent to q5 . If c( q2 )

=

G2 is

3, then q2 q1 zq5 is a 2-
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colored ?4. If c(q4)

=

3, then q4q5zq 1 is a 2-colored ?4 . If c(q2)

=

4, then x1

is the center of a 2-cluster with legs q1 q2 and vx 5 . If c(q4) = 4, then x 5 is the
center of a 2-cluster with legs q5 q4 and v:r 1 . This shows that both q2 and q4
must be assigned color 1.
Vertex q2 is the center of a 1-cluster with leg q3 q4 , and so we apply
Lemma 7.1.1 to q2 and v to obtain a 2-cluster in the weak edge between q2
and v. This completes Case 3 and the proof of the lemma.

D

Let G2 be the graph constructed as follows. Attach six copies of K 2 ,3
to v where v is one of the degree 3 vertices in each copy of K 2 ,3 . Let y; be
the other degree 3 vertex in the ith copy of K 2 ,3 . Let the degree 2 vertices in
the ith copy of K2, 3 be x 1,;, x 2 ,; , and x 3 ,;. For 1 :S: i :S: 5, add edge YiYi+I· For
each i and

.i , subdivide edge m ; j ,i

with

aj,i .

This completes the construction

of G 2 (See Figure 7.9).
v

Figure 7.9: G2
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Lemma 7.1.3. Attach a 2-cluster C to v in G2 . Let G2 = G2 U C. When
four colors are available, a coloring of the 2-cluster cannot be extended to a
star coloring of G2.

Proof. Suppose such a coloring c is possible. Assume v has been assigned

color 1 and the special neighbors of v have been assigned colors 2 and 3.
To avoid a 2-colored P4 , each neighbor of v must be assigned color 4 and so
c(aj,i)

= 4 for all 'i,j (See Figure 7.10).

Yi

Jli+l

Figure 7.10: Partial coloring of G 2
Suppose c(:ri,j) = 1 for any i, j. Then
?4 where the j

+ 1 is

forbidden on each
to

a;,j.

Xi,j·

.Ti,jai,j'l!a.i,j+l

is a 2-colored

reduced modulo 3 if necessary. This shows color 1 is
Color 4 is forbidden on

The only available colors for the

.1 ;i,j

xi,j

since each

X;,j

is adjacent

's are colors 2 and 3. One of

these colors must be repeated on x 1 ,1 , x 2 ,1 , and x 3 ,1 . Using the symmetry of
the graph, we may assume c(x 1,j) = c(x 2 ,1 ) for all j.
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Suppose c(yj) = 4. Then a1,jXl,jYjX2,j is a 2-colored P4. This shows
that color 4 is forbidden on each yj, and so the path Y1, Y2, ... , Y6 must be
colored using only colors 1,2, and 3.
Suppose c(yj) = 2 and c(yj+l) = 3. This forces c(x 1,j)

3 and

c(x 1,j+1) = 2 which gives a 2-colored P4 . By symmetry, c(yj)

3 and

c(y1+I)

= 2 is impossible as well. This shows that colors 2 and 3 cannot occur

consecutively on the y1 , y2 , ... , y6 path. Therefore, the path must be colored
with the pattern 12131213 etc. Assume c(y1 ) = c(y1+ 2 ) = c(yj+4) = 1,
c(y1+1) = 2, and c(Yi+3) = 3.

If c(:rl,J+2)

= 2, then .Tt,J+2Yj+2Yi+1Yj is a 2-colored P4. If r(:r:l,j+2) =

3, then X1,j+ 2YJ+2Yi+3YJ+ 4 is a 2-colored P4. Therefore, no color is available
for x 1 ,J+2 and the proposed coloring cannot be completed.

D

To every vertex x in K 1,4 , attach an isomorphic copy of G 1 by identifying x with v, where v is the same vertex as shown in Figure 7.4. Call
this graph G'. To every vertex y of G', attach an isomorphic copy of G 2 by
identifying y with v, where vis the same vertex as shown in Figure 7.9. This
completes the construction of G. Note that G is planar with girth 6.
Theorem 7.1.4. G cannot be star colored when only four colors are available.
Proof. Suppose such a coloring cis possible. By Proposition 2.3.12, K 1 ,4 must

contain a 1-cluster. Call the center of this 1-cluster x. By Lemma 7.1.2, there
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exists a 2-cluster in the graph

6 1 associated with x.

Call the center of this

2-cluster y (it is not necessary for y =1- x). By Lemma 7.1.3, the graph

62

associated with y cannot be star colored when only four colors are available.
Therefore, no such coloring c exists.

0

Chapter 8

Summary
In this chapter the results of the thesis and the current known bounds are
summarized.
The thesis began with outerplanar graphs. In Chapter 3, tight bounds
on outerplanar graphs of girth at least 4 were established. The results in
this thesis and the results in [6] and [13] completely settle the star coloring
problem for outerplanar graphs of various girths.
In the subsequent chapters, our focus was on planar graphs in general. The results in these chapters and the best previously known results are
summarized by Table 8.1.
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Girth
g
3
4
5
6
7
8-9
10-13
14+

Known
lower bound upper bound
10
20
6
20
4
16
4
16
4
9
4
9
4
9
4
9

Thesis
lower bound upper bound

8
6
5

-

7
6
5
4

Table 8.1: Known results and results of this thesis

As mentioned in Chapter 2, all of the known bounds shown in the table
are established in [1] with the exception of the girth 4 construction. A girth
4 planar graph requiring 6 colors to star color was constructed independently
by Kierstead [9] and Kiindgen [10].
In Chapter 4, several upper bounds for planar graphs of high girth
were established. For planar graphs of girth at least 14, a partition into a
forest and a 2-independent set was used to obtain a 4-star coloring. The idea
of using a partition to obtain a 4-star coloring is due to [1]. It is possible
that planar graphs of girth less than 14 admit such a partition as well, and
this approach could be used to improve the upper bounds for other families
of planar graphs of high girth. In the course of working with such partitions,
the author constructed a planar graph of girth 7 that has no partition into
a 2-independent set and a forest. In fact, removing any 2-independent set
from this graph did not increase the girth at all.
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The other upper bounds given in Chapter 4 used discharging to show
that planar graphs of high girth can be in-colored with each vertex having
outdegree at most 2. This is a stronger type of coloring than star coloring. An
in-coloring with outdegree at most 2 implies a star coloring but the converse
to this statement does not hold. Discharging is a powerful tool and perhaps
with a different formulation, discharging may he used to improve the upper
bounds for any family of planar graphs. The formulation used in this thesis
was not effective for planar graphs of low girth.
In Chapters 5,6, and 7, several constructions of planar graphs that
require many colors to star color were given. The bipartite construction looks
to be optimaL Using the notion of k-clusters, constructing a bipartite graph
requiring nine colors to star color does not look possible. If such a graph
exists, then one would prohahly have to find a new met hod of construction.
The author also attempted, unsuccessfully, to improve the construction in
the girth 3 case using k-clusters. This suggests to the author that the girth
3 construction in [1] is optimaL With this in mind, we conclude the thesis
with the conjecture that any planar graph of girth 3 has a star coloring with
10 colors, and any bipartite planar graph has a star coloring with 8 colors.
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