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EFFECTS OF TASK DIFFICULTY WHILE
ESTIMATING TEfdPORAL INTERVALS
by
Jeffrey D. Stone
Master of Arts in Psychology
May, 1975
Two experiments were performed to test Ornstein's

(1969) storage-size hypothesis of experienced duration
. regarding the effects of stimulus complexity on time esti-

!

mation.
The first study used solution latencies to scale the

, level of difficulty for 64 1 x 1 digit and 64 2 x 1 digit
i

.

:multiplication problems.
j

The major hypothesis was that

•

: dlfferent processing mechanisms are required to solve 1 x 1
!

and 2 x 1 digit problems, and that the size of the digit
being carried in 2 x 1 digit problems stresses the shortterm memory rehearsal function.

Six

~s

were required to

'mentally calculate the solution and compare the result to
either correctly or incorrectly presented solutions.
A 2 x J (Problem Type x Solution Type) repeated

viii
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measures analysis of variance, as well as both linear and
'stepwise regressions, were used in
-tion latencies.
1

~ne

analysis on solu-

As hypothesized, solution latenciP.s were

greater for the 2 x 1 digit problems.

Furthermore, the

regression analysis found that the size of the digit being

·graduates were randomly assigned to the four conditions.
·The dependent variables were the number of problems solved,
. the number of errors committed, and estimates of the 8, 12,
'

: 16, and 20 sec. task intervals.
A 2 x 2 x

4 (Task x Difficulty x Interval) mixed

analysis of variance, with repeated measures on the third
factor, was used in the analysis of the estimation data.
The significant main effect

of Task indicated that Ss

. underestimated to a greater degree intervals in which
2 x 1 digit'problems were being solved.

The hypothesis of difficulty level affecting duration
estimates was not supported; the 2 x 1 Easy condition
L ..... ____

____ ·------- ------------- ____ -------------- ---------- ... -----------· __ --------·--- ..
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I

resulted in greater
'
'cult
condition.

estimates and the

~derestimates

than the 2 x 1 Diffi-

A significant correlation between duration'
n~~ber

of problems solved was found for

:the 1 x 1 digit problems, but not for the 2 x 1 digit prob.lems, indicating that Ss were using different strategies
ito estimate the intervals.

An output matching strategy was

!suggested for the 1 x 1 digit problems, while a more difi
I
'fuse, total time strategy was suggested for the 2 .x 1 digit
1

, problems.
i

Ornstein's storage-size hypothesis was supported for

!the 1 x 1 digit problems, but not for the more complex
•2 x 1 digit problems.

An alternate explanation, based on

:an attention model, was presented to explain the lack of
i

support for the storage-size hypothesis, as well as a possible avenue of future research on the duration experience ..
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EFFECTS OF TASK DIFFICULTY WniLE
ESTIMATING

TEMPOF~L

INTERVALS

Jeffrey D. Stone
California State University, Northridge
:The Problem
The currently popular view of man as an information
~processing

system has been applied to a number of theoreti-'

i cal and experimental areas.

Research on time estimation

has been among those areas examined by the information
'processing model.
Most contemporary models of time percep-tion see temporal experience as a memory problem.

Such models regard

:the duration experience as being contingent upon either thei
)manner of storage or the amount of information remaining in:
storage of a previously experienced interval (Franken;haeuser, 1959; Ornstein, 1969; Woodrow, 1951).
In the majority of experiments on time, however, the
'

i exact nature of the task has been poorly defined.

Such

'

: studies have typically employed tasks which require different and often unknown types of information processing.
Michon (1972) summarized the current trend in time

i research in a rather negative fashion, stating that studies
. in which variables such as sex, emotion, and. filled versus
empty intervals have been investigated produce no new

1

2

'knowledge to the fielq.

He suggested that what is needed

'are investigations in which
the investigator should try to establish
a truly quantitative, i.e. parametric relationship between the experience of duration and the conditions he created. Or he
should attempt to verify specific hypotheses
about functional relations between the constituents of his theory or model. (Michon,
1972, p. 251)
The present study attempts to follow Michon's sugges:tion regarding the trend for future research by further
;investigating the storage-size hypothesis

proposed by

,Ornstein (1969).
:Task-Filled versus Empty Intervals
The main problem in distinguishing between filled and
,unfilled or empty intervals rests with the definition of
:the filling activity.

The investigator may state that an

!interval is empty, but whether the S perceives it as such
·is a different matter.

Technically, no interval is truly

•"empty," as theSis continuously processing some type of

i information, albeit his own private thoughts.
!

The second problem with defining filled intervals is
whether or not the S is actually processing the information, i.e. attending.

By simply bombarding the S with

sensory input, there is no way of adequately describing
jdegree to which he is actually attending to the stimulus.
The subsequent results from this type of design are therefore confounded by our inability to quantitatively measure

J
................................
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attention.
Both of these methodological and interpretive difficulties with "unfilled" intervals can be overcome to a
,certain extent, however, by requiring Ss to perform some
y-·

type of task, and by measuring their performance.\ The

-~~~~--"

vals were estimated ----------------------------------is that as the
complexity g:f'.the
task
....------------------- .... ------------·
----. --
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This inverse relationship holds true over a

wide range of tasks and cognitive activity.
Gulliksen (1927) studied several tasks presented
during a 200 sec. interval, after which Ss were required
'to verbally estimate how long they were performing the
,task.

The following order of decreasing estimates resul-

ted:

resting, holding arms out to the side, listening to

i
1

a fast metronome (66 beats per min.), pressing the palm
against a thumb tack, reading mirror-image prose, taking

.·dictation, and performing long division.

Although no

'explanation was given for these results, the decreasing
estimation appears to be ordered_along a continuum of cog1nitive activity, with long division resulting in the
;greatest degree of underestimation.
Loehlin (1959) used factor-analytic methods and the
method of verbal estimation to assess the effects of tasks
presented during temporal intervals.
i

·emerged:

The following factors

interest vs. boredom, filled vs. empty intervals,:

l

4 '

. activity vs. passivity.
!

He suggested that the filled vs.

empty factor may be related to the degree of attention
paid to the passage of time in terms of interest and bore-

· dom.

In all 16 tasks performed, the results confirm ear-

: lier findings for the increasing level of cognitive com1plexity.

Although all intervals were overestimated, the

. greatest degree of overestimation occurred when Ss were
· involved in easy or boring tasks, while the least degree
: of overestimation occurred when they were involved in more
:complex cognitive tasks.
DeWolfe and Duncan (1959) used a slightly different
·procedure in which Ss were required to reproduce a task, filled interval while simultaneously performing either the
'same task or a different task.

The tasks were anagram

· solving, printing mirror-image letters, and resting, and
were defined along a decreasing order of cognitive complex:ity.

The results showed that when the more complex task

was presented during the initial interval, judgments were
1

underestimates, whereas overestimates occurred when the
less complex task was presented during the initial 26 sec.

:interval.
i

When the same tasks were presented during the

'initial and reproduction intervals, estimates were closest
i

I

'to perfect.
The above studies were all concerned with the effects
of different types of filling tasks on time estimation.
'Smith (1969), however, studied the effects of different
··-- .. -· ~-·-- ------- --·--·---·--- ·-··· .................. --------·-·---·--·----·-----·-------··--·---·----····-------------·------------·----·J
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!

. levels of complexity ~f one task on· subsequent estimations •'
;using the method of verbal estimation, Ss were required to
. estimate intervals of 15, JO, 60, and 120 sec. in which
;they ·were solving either easy, medium, or hard analogies.
'The results confirmed the previous findings that the more
1difficult the task, the greater the degree of underestimaition.

!

Additionally, an effect of interval size was found

,in which there was a progressive decrease in the degree of
underestimation with increasing interval size.

In other

i

'words, Ss were more accurate at estimating longer interi vals.

One method that has been used recently is to investi:gate the degree of information processing found in the
:tasks employed.

By measuring the number of items output

during a given interval, it is possible to directly measure
'the complexity of the task being performed.

In studies

where output measures have been recorded, the assumption
·has been made that tasks with a low level of cognitive

! c.omplexi ty result in more output than tasks with a high
level of complexity (Burnside, 1971).
Burnside investigated the role of performing different types of mathematical tasks on the reproduction of
·intervals of 10, 12, 14, 16, 18, and 20 sec.

The resnlts

·from the experiment were in agreement with the previously
mentioned studies.

When Ss were performing mixed multi-

plication and addition problems, underestimation was

6

greatest.

Multiplica~ion

alone and addition alone also

·resulted in underestimates.

When Ss were reading a series

of digits or were doing nothing, however, they overestimaited the duration of the intervals.

In addition to time

!estimates, the number of items output, i.e. problems
~solved,

were recorded.

The interesting result from this

study rests with the positive relationship found between
lthe number of items output and the time estimates given.
The task which resulted in the greatest degree of underestimation, mixed addition and multiplication, also pro; duced the fewest number of items output.
: ship was found for all other tasks.

This relation-

The more items output,

! the greater the estimate of the time spent performing the

'task.
The results of Burnside are analogous to results in
I
!

•

'wh1ch the Ss were passive viewers of incoming stimuli.

Thet

more events which are perceived during an interval, the
;greater the perception of the duration of the interval.

!A recent study by Schiffman and Babka (1974) is represent!
;

:ative of this statement.

Ss were presented a series of

'
'

)flashing lights during intervals ranging from 3 to 23 sec.
j

iWhen Ss reproduced the interval, the higher the frequency

I

i

-

!

·of flashing, the greater the degree of overestimation.
The perception of discrete items

presen~ed

during an

interval has interesting theoretical implications regarding'
the role of memory components in temporal experience.
- ..........................._.
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From·the results of both Burnside and Schiffman and Bobko,

I

it can be stated that the greater the
number of discrete
•
,stimuli perceived during an interval, the longer that
linterval seems.

Furthermore, it appears that the results

I

:are generalizable to situations in which the S is either
~passively

receiving stimuli or is generating them himself,

!i.e. calling out solutions to arithmetic problems.
;Memory Models
Memory, as a model for time estimation, takes on a
.i

!more viable role when we regard the storage and retrieval
:functions of both the long-term and short-term components.

•The control mechanisms for processing information between
'

'these components may be regarded as determining the amount
'and.nature of events which are stored.

From a stimulus

standpoint, there simultaneously exists information concerning the nature of the stimulus, and its relationship
:to those stimuli which precede and follow it.

It is this

:relationship which brings the role of memory into focus.
:Furthermore, the experience of duration in retrospect is
inextricably tied to the situation in which one is recal-

i

; sider memory to be a reconstruction of the order and manner:

i

in which events were originally stored.

Rather than re-

1trieving information by an exhaustive search mechanism, we

8

! reconstruct the manner in which the information was stored.:
'In particular, the relationship between events occuring in
the past allows us to label or tag events in relation to
other events which occurred in temporal contiguity.

If we

:construct memory from this temporal information, and if

;

l

!temporal information is determined by the number of events,!
i
i
,then we must also construct our experience of time from thel
i

I

:Physical characteristics of stimuli defining a giv.en dura-

j

• tion.

I
I

The storage of information in memory has been a focus
'

iof much recent research.

Miller (1956) found that coding

·or "chunking" information allows for an increase in the
•number of items and complexity of information that is
:stored.

Furthermore, the role of short-term memory has

been found to play a significant role in regards to the
rehearsal of information for storage into permanent, longterm memory (Shiffrin & Atkinson, 1969).

Temporal param-

: eters for these memory systems are approximately JO sec.
for short-term memory (without rehearsal), and indefinitely
for long-term memory (Norman, 1969).

When information must

be retrieved in order to perform a particular activity,
long-term memory must be brought into play.
The distinction may be made regarding the effect of
cognitive versus non-cognitive tasks on time estimation.
The·general finding in studies of this nature is that cognitive activities produce a greater degree of underestima-

I

9
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-tion of intervals than non-cognitive activities.
1

From a

memory approach, the involvement of both short-term and
long-term components in cognitive activities produce a bi-

'directional flow of processing, i.e. storage and retrieval,
·whereas non-cognitive activities produce only a uni-direcI

.tional
flow from short-term to long-term memory.
l

Whenever

:the system is required to perform some operation on incom-

!

:ing stimuli, both short-term and long-term memory must be
!employed.

However, for tasks in which the observer must

i

:only attend to a series of incoming stimuli, only the
!storage process is required.
Perhaps the best application of the memory approach
;

' to temporal experience is that presented by Ornstein

'(1969).

The following section is devoted to an exposition

of Ornstein's storage-size hypothesis, and recent studies
i

;which have investigated the theory.
The Storage-size Hypothesis
Ornstein's storage-size hypothesis followed the suggestion of Frankenhaeuser (1959) that the amount of "mental content" in an interval determines duration, and Michon:i

i (1967), who presented a quantitative treatment of informal tion processing mechanisms of short time perception.

!

Ornstein's hypothesis states that the amount of information

i

, remaining in storage determines the duration. of an interval:

!

in which the information was presented.

Ornstein argues

that the experience of duration is not due to any

10

·---,i
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physiological or chemical "clock," but that we construct

i our experience of duration from the ,events which occur
within delimited intervals.

J

!

The construction of subjective:

!durations depends on both the number and complexity of
.events occuring within intervals.

The experience of dur-

ation will appear long when events are either highly complex, or when there are many events within the interval.
;conversely, the duration experience "shortens" when there
'

:are few events during an interval or when these events are
'easily coded into storage.
The storage-size hypothesis further states that our
,experience of duration in retrospect is determined by the
'

:number of events remaining in storage, with these events
'determining the memory of the length of the interval.

The

notion of discrete events dropping out from memory plays a
i

:crucial role in the hypothesis.

When many events remain

in storage, the memory of the interval increases, and
:therefore appears to be longer in retrospect.

Items which

!were easily coded when stored will take up less storage

:

I

ispace, and will result in shortened estimates of the inter-:

Ival.
:

1111,

!

1

1

I

Ornstein performed a series of experiments to test thei
veracity of his theory.

In all of these experiments, cer-

tain methods were used which are unique to most time estimation studies.

One of these methods was that Ss were

never aware that the purpose of the study was time estima-

12
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l

:storage-size hypothesis states that events which are
:~asily

coded will require less

spac~

in storage, and

judg~

·ments of the time spent during the interval will be under:estimated.

The first study in this series used a motor

:task in which one group of
group had no practice.

~shad

practice, and the other

It was found that the practice

.group
judged the interval as shorter than the comparison
I
'

:interval as compared to the Ss who had no previous practice.

The second coding experiment taught

:coding methods for a modern dance film.

~s

different

Those Ss who had

:received
the greatest degree of information on how to code
;
·the dance film judged the duration of the film as shorter
lthan Ss who had less coding directions.

Both of these

: studies confirm the hypothesis that coding of stimuli
-affects the experienced duration of the intervals in which
I

they were presented.
The final three experiments tested the storage-size
hypothesis directly.

If duration experience is a function

of the number of items remaining in storage, then the
effect of receding the stimuli after the interval is over
1should also change duration estimates. It was found that
jwhen Ss were given receding information after the interval
I

-

f

.was over, they judged the intP.rval to be shorter as comi

:pared to ~s-who received no receding information.
Although Ornstein's series of experiments presented
·strong evidence for the storage-size hypothesis, little

13
-------··-,

i

1
systematic effort was ~ade to more clearly define undt?r
1

which conditions and by which processes the information is
coded within storage.

The actual information processing

.aspect of the theory was not clearly specified.

Addi~ion

·ally, in all but one of his experiments, Ss were passive
!

:receivers of incoming stimuli, and were not required to
jperform any type of task other than either viewing films

I

.

or listening to tape recordings.
Burnside (1971) investigated the effects of performing
'mental arithmetic during intervals to be subsequently estiim?-ted.

Using the method of reproduction, he found that the

'greatest degree of underestimation occurred when ~s were
performing mixed addition and multiplication problems.

The

'results were also related to the number of problems solved
during the intervals.

A positive relationship was found

between the number of items output (problems solved) and
,the estimates of duration.

The fewer the number of items

,output, the greater the degree of' underestimation.

Burn-

;side interpreted his findings in terms of the memory for
'the number of problems solved.

The intermediate processing

stages of "hold," "add," and "carry" drop out of memory,
and. only the solutions remain.

Since only the solutions

remain in memory, intervals in which few solutions were
.output were underestimated.

The effect of the intermediate

processing substages dropping out from memory, and the
retention of the solutions only, affects the amount of

14
----·-,

Ii .

storage size, and therefore duration estimates.

!

More recently, Block (1974) tested the storage-size
hypothesis using verbal material.

He was interested in the'

!effects of both memory and complexity of input on duration
:estimation.

A consistent finding in studies of human mem-

ory is that the greater the degree of organization of presented material, the greater the amount remembered.

By

presenting material in either an organized (blocked) or
random manner, the effects of complexity and memory were
'measured on both recall and duration estimation.

The

!blocked presentation condition resulted in significantly
,greater estimates than the random presentation condition.
'Recall results also showed a greater amount of memory for
!the blocked condition.

Block interpreted the results as

supporting the storage-size hypothesis, but cautioned that
i

the storage-size may be a function of the organization of
memory, rather than simply the number of items presented
:during an interval.
Fairly strong support for Ornstein's storage-size
hypothesis exists from both Burnside's and Block's results.,
jThe experience of duration for an interval appears to be a
I

jfunction of the number of events stored and retained in
long-term memory.

Both the number of problems solved and

the actual verbal material are stored in long-term memory,
and duration estimates are a function of the size of the
memory.

1.5
·--·
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Ij

Theoretical Orientation
Based on the above presentation of the memory view of

the temporal experience, the present study consists of two '
separate yet related experiments.

By a priori quantifica-

tion of the difficulty of mathematical tasks, predictions
can be made regarding their effects on time estimation.
If a storage-size memory model is in operation, then
the effects of task difficulty should be positively related
'
;to
the number of problems solved during an interval and the

estimation of the duration of the interval.

Additionally,

:the effects of short-term memory processing can be investigated by using complex and simple mathematical problems.
Since short-term memory is involved in both the retrieval
•and rehearsal mechanisms of mathematical problem solving,
:the degree of this processing involvement should be refleci

: ted in both the nu.mber of problems solved during an interval, and the subsequent duration estimates of the interval.
This effect should be evidenced primarily for intervals in
!which complex multiplication problems are being solved.
i

:For simple multiplication problems, however, short-term
!

:memory mechanisms are not as severely stressed, and dural
I

;tion estimates should more nearly approximate perfect time

!

estimation.
Experiment 1 deals with the determinatiQn of difficulty levels of both simple and complex mathematical tasks.

After categorizing these problems into levels of diffi-

16

culty, their effects can be predicted for a time estimaition study.
Experiment 2 tests the memory approach regarding the
mechanisms of' temporal experience.

The basic issue to

which this experiment is addressed is whether the a priori
'quantification of mathematical problems can be used to

'

i

predict estimations of temporal intervals in which they
are presented.

Moreover, the storage-size hypothesis as
!

proposed by Ornstein (1969) and expanded by Burnside (1971)'
will be tested for mathematical problems of varying diffi'cul ty.

'

'
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EXPERIMENT 1

I

I

·Introduction
Recent models of mathematicai problem solving have
focused on the underlying structural variables influencing
• solution latencies.
1

For multiplication problems, some

examples of these structural variables would be the sum of
the digits being multiplied, the actual product, ·the abso-

\lute difference between the digits, the size of the multi'plier and/or multiplicand, and the size of the digit being
carried into the second component multiplication for 2 x 1
i

digit problems.
The usual method of analysis of these component struc-

: tural variables is a multiple regression technique, in
:which each variable is assessed in relation to how well it
:predicts solution latencies.

One such structural variable

I

'has been widely used, and was devised by Thomas (1963).
His "constellation hypothesis" of mental arithmetic at-

i
tempts to predict difficulty for a wide range of arithmetic'

:problems.
i

This constellation hypothesis identifies a

factor which is determined by taking the log sums of the

:digits employed in the paper-and-pencil solution.

Appendix!
I

1

!A describes Thomas's procedure.

In Thomas's study, results,

were described in terms of both a long constellation (Long
; Q) and a short constellation (Short Q).

i

The Long Q values

reflect information content from information theory, and
are plotted against solution latencies.

It was noted,
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however, that some of _the

solution latencies were con-

~s·

sistently faster than predicted by tpe information content
of the problems.
1

Thomas then developed the short constel-

lation to account for these discrepancies,

h~~othesizing

-that certain problems contain a high degree of redundant
iinformation, thus reducing the total amount of information
'contained therein.

By invoking this Short Q, Thomas was

I

iable to predict solution latencies with consistent accuracy'
• for a wide range of problems.

The Short Q values were used;

I

mainly for 1 x 1 digit problems.
In Thomas's study, no mention is made regarding the
possible underlying mechanisms accounting for solution
ilatency differences.

Also, the model makes no predictions

'Of how solutions are retrieved from memory.
More recently, attention has been directed toward
!
'models which attempt to define more precisely how solutions
·are obtained.

The work of Groen (1967) and of Suppes and

Groen (1967) showed that solutions to simple addition problems are obtained by a process much more complex than that
:of a memory look-up mechanism.
i

Rather than searching for

;

lthe location in memory where solutions are stored, it was
!hypothesized that a reconstruction process takes place.
I

It

was n0t stated, however, how the process operates.
Restle'(1970) proposed an analog model of reconstruction for simple addition problems.

In this model, numbers

are transformed into quantities envisioned as regions along
"-

-¥··~---~---·-··
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a number line.

i

The quantities are combined, and the result:

'is transformed again into numbers (i.e., solutions).

Two

·number lines are used to transform the digits, and are
placed along a third number line which corresponds to the
solution.
Parkman and Groen (1971) and Parkman (1972) have pro;posed a model based on a digital processing mechanism.
:Their model assumes that the functions of addition and
·multiplication for 1 x 1 digit problems are.'performed in
the same manner.

The model consists of two basic opera-

:tions; the setting or initiation of a counter, and the
successive incrementation of the counter.

The model per-

·forms these operations in the following sequence:

the

icounter is set to the larger addend or multiplicand, and
successively incremented by 1, n times (where n

-

· ler addend or multiplicand).

= the

smal-

I

It is assumed that the initi-!

ation of the counter is independent of the size of the
.larger digit, and the time taken to increment one cycle is
!c~nstant.

Therefore, solution latencies are assumed to be

a linear function of the smaller addend, with the slope of
;the function estimating the duration of each incrementa tion:

!

:cycle.

I

Parkman stated that the digital model is not inccmpatible with a memory-search model it it is assumed that

I
i

the·initiation of the counter is actually a retrieval index '
i

for the solution, and that the time for a memory retrieval '
'

··-··

.

- ---- ---·-· --------~- ··----·· --

-~---· -~-
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i

1

0peration is independent of the index used.

With this

:model, reaction time effects would be similar for both addition and multiplication, since both are based on common
;indexing and retrieval mechanisms.
Whether or not the processing model for 1 x 1 digit
1

problems is analog or digital in nature is an issue to
which the present study is only partially concerned.

The

retrieval operation proposed by Parkman is of interest,
however.

Although he presented no explanation of the man-

ner in which solutions are retrieved from memory, it may
1

be assumed that solutions are stored in long-term memory,
and are directly accessible by some type of retrieval mechani sm.
Given a direct-access retrieval mechanism for 1 x 1

• digit problem solutions, the central issue at hand is how
j

:more complex multiplication problems are processed.

For

these problems, Dansereau (1969) investigated the role
'played by the processing substages of "hold," "carry," and
1

"add."

I

In Dansereau's experiment, he proposed a difficulty:

i

i

!

I

ifactor based on the number of steps performed in paper-and- i

I

l

;pencil multiplications, and developed a computer simulation:

!;model which incorporated the following assumptions:
l

(a) single digit multiplication and addition operations are

constant, (b) single digit "carries" and "ho,;J-ds" are invariant over digits, (c) all four components (multiply,
·hold, carry, add) contribute equally to the difficulty

.1

1
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ifactor, and (d) the hold operation is more critical than
'the others.
Dansereau's model incorporates short-term, intermediate-term, and long-term memory stores.

Each component

system performs separate functions and handles the informa1tion for particular periods of time.

Short-term memory

(STM) serves as an "eye" for the positioning of single

l

digits into a calculation matrix.

Intermediate-term memory

(ITM) is hypothesized to be more flexible than STM, and has
!the capacity to handle three distinct groups of three digtits indefinitely.

Long-term memory (LTM) serves as an ac-

:cessible register for the last three digits from ITM.

The

processing parameters for the transfer from LTM to ITM are
'approximately 2-5 sec. per digit.

The transfer of

infor~a

tion between STM and ITM is assumed to be symmetric, with
I

a

.J sec. constant and .J sec. per digit.

A roundtrip be-

tween STM and the addition or multiplication "tables" re:quires between .6 and .9 sec-. per calculation, depending on
i

'the magnitude of the answer.

i

The carry operation was also investigated.

The time

!requirements consist of .6 sec. for movement into and out
!
iof STM, and .6 to 1.8 sec. for the addition of the carry
I
digit to the subsequent column. It was noted, however,
that these parameters may need more weightings due to the
high number of calculation errors as a result of the carry
•stage.
l

L_

I
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Overall, Dansereau's model is a significant attempt to'
1

determine the actual substage requirements involved in mental multiplication.

When this computer simulation

~odel

:was tested in comparison to actual solution latencies for
.

.

2

!

. i

three Ss, the mean multiple regression coefflclent, R , was,
· .72.
i

This value was greater than that obtained by Thomas's

statistic, which was .51.
However, based on the more recent work of Par.kman and

.Groen and of Parkman, one must question to basic assumptions of Dansereau's model.

1

For example, the assumption of'

'constant latency for retrieval of single digit multiplication and addition solutions was not supported.

Based on

•this finding, it appears that the "multiply" and "add" sub-'
'stages should not contribute equally to the difficulty
factor, as assumed by Dansereau.
Conceptual and Experimental Hypotheses.

The present

,study is based on the conceptual hypothesis that if there
is a difference between 1 x 1 digit and 2 x 1 digit probr

•

:1ems in terms of different memory components, i.e., long!term and short-term, then solution latencies will be.difi

jferent between the two problem

ts~es.

'
;

Secondly, by investigating the difference between the
2 x 1 digit problems and the individual 1 x 1 digit

pr~b-

l

: lems which comprise the 2 x 1 digit problems, the nature ofj

;

the·"carry" and "add" substages can be investigated.
the component substages contribute equally to the

If
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difficulty factor as proposed by Dansereau (1969), then
there should be no difference in solution latencies for
2 x 1 digit problems as a

flli~ction

of the digit being car-

ried.
Finally, the individual structural variables can be
investigated to determine which structural variables are
most representative and therefore predictive of solution
latency.

Based on the solution latencies, these difficulty·

distributions can then be used as criteria for problems to
be used in Experiment 2.
The overall plan of the study is to construct the
2 x 1 digit problems from combinations of the 1 x 1 digit
problems.

By comparing latencies for the 2 x 1 digit prob-

lems to those of the individual 1 x 1 digit problems, the
difference in solution latency should indicate the amount
of time required to perform the intermediate calculations.
In particular, this difference should be proportional to
the size of the digit being carried, with the larger digits
requiring more processing time.

This prediction is in line

with studies by Parkman and Groen (1971) and Restle (1970), •
in·which solution latencies for addition problems with
larger digits were greater than those in which smaller digits were used.
These conceptual hypotheses are represented in the
present design by the following experimental hypotheses;
broken down by the type of analysis being performed.
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1.

Analysis of variance for problem type and solution
type for all problems.
a~

Solution latencies for 2 x 1 digit problems
will be significantly greater than latencies
for 1 x 1 digit problems.

b.

Solution latencies for problems in which the
correct solution is presented will be significantly lower than when incorrect solutions are
presented.

c.

There will be no difference in solution latencies as a function of incorrectly presented
solutions which are either higher (incorrectplus) or lower (incorrect-minus) than the true
solution.

2.

Comparison between 2 x 1 digit problems and component 1 x 1 digit problems.
a.

Combined solution latencies for the component
1 x 1 digit problems wil-l be proportionally
lower than for the 2 x 1 digit problem which
contains the two 1 x 1 digit problems.

b.

The proportionate increase in solution latencies for the 2 x 1 digit problems will be sig-.

'

nificantly correlated with the size of the
digit being carried.

J. Multiple regression analysis on the structural
variables.
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a.

The best ,overall predictor for both 1 x 1
digit and 2 x 1 digit problems will be
Thomas's long constellation (Long Q).

b.

The size of the digit being carried for the
2 x 1 digit problems will be most predictive
of solution latencies.

Method
Subjects.

Six adult Ss were used, with each S receiv-

ing all problems paired with all solution types for a total
of 384 presentations per S.

Three females and three males

took part in the study.
Apparatus.

A Gerbrands two-channel tachistoscope was

used to present the problem cards.

The tachistoscope was

equipped with an automatic card changer to present the
stimuli in a controlled manner.
constantly.

One field was illuminated

Stimuli were presented by illumination of the

second field, which simultaneously initiated a HewlettPackard digital timer.
two hand-held switches.

Es terminated the timer by means of
One switch was used when Ss deci-

ded that the presented solution was correct, while the
.other was depressed when ES decided that the presented solution was incorrect.

Latencies of Ss' decisions were re-

corded to the nearest .001 sec.
Stimulus Material.

The construction of.the problems

was based on using all combinations of the digits from two
to nine.

Since multiplication by 1 is defined as an
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identity, such multiplications were not used.
The 2 x 1 digit problems were

~onstructed

by dividing

the integers two through nine into groups of high and low
values.

The high integers consisted of six through nine,

while the low integers consisted of two through five.

This

assignment is arbitrary, but convenient in that it allows
certain predictions to be made regarding solution latencies.

The 2 x 1 digit problems consisted of the following

combinations:

(a) high-low x high (HL-H), (b) high-low x

low (HL-L), (c) low-high x high (LH-H), and (d) low-high x
low (LH-L).

In total, 64 1 x 1 digit and 64 2 x 1 digit

problems were constructed.

The 128 stimulus problems are

shown in Appendix B.
· For each of the problems, s·olutions were presented
which were either the correct solution or incorrect solutions, following the procedure of Parkman (1972).

Incor-

rect solutions were generated for the 1 x 1 digit problems
by incrementing or decrementing the multiplier by one, and
then calculating the solution.
three solution types:
rect-minus.

This procedure resulted in

correct, incorrect-plus, and incor-

Likewise, three solution types were presented

. for the 2 x 1 digit problems.

In this series, incorrect

solutions were obtained by either incrementing or decrementing the· number being carried by one, and then calculating the appropriate solution.
Each of the 128 problems was paired once with the

"t-<1-·'
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correct solution, once with the

incor~ect-plus

and once with the incorrect-minus

s~lution

~elution,

for a total of

384 presentations per S.
The problems were printed on 4 x 6 in. cards as in
the following examples:
Design.

59 x 9 = 531; 9 x 5 = 45.

The overall design was a 2 x 3 factorial,

with repeated measures on both factors.
problem type, with two levels:
problems.

Factor one was

1 x 1 digit and 2 x 1 digit

Factor two was solution type; the three levels

being correct, incorrect-minus, and incorrect-plus.
In addition, the following structural variables were
defined:

Thomas's (1963) long constellation values (Long

Q), Thomas's short constellation values (Short Q), the sum

of the digits, the product, the number being carried, the
multiplier, and the multiplicand.

The dependent variable

for all analyses was solution latency.
In order to control for order effects, the problem
types were counterbalanced for Ss within each of three
blocks of presentations.

Each block of presentations con-

sisted of all 128 problems paired with either of the three
solution types.

In order to control for facilitation ef-

,fects and possible recognition of the same problem being
prese~ted

three times, the blocks were presented on three

consecutive days.
Within presentation blocks, the order of 1

x

1 digit

and 2 x 1 digit problems were randomized with the following
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constraints:

(a) no solution could be the same for con-

secutive problems, (b) neither the multiplier nor the multiplicand could be the same for consecutive problems, (c)
a 2 x 1 digit problem could not follow a 1 x 1 digit problem consisting of the same digits to be multiplied (e.g.,

59 x 9 could neither follow nor be followed by 9 x 9 or
9 x 5).

These constraints were imposed in order to control

for repetition effects and possible carry-over effects.
Procedure.
Parkman (1972).

The procedure followed that used by
~s

were given preliminary instructions

regarding the procedure to be followed, and sample problems
were presented to familiarize Ss with the tachistoscope and
the use of the hand-held switches.
The right-hand switch was depressed if the answer as
presented was correct, while the left-hand switch was depressed if it was incorrect.

This procedure was used in

order to facilitate responding by providing Ss with a conceptual framework to prevent addftional response time as a
function of deciding which switch to depress.
When the stimulus field was illuminated, Ss were required to calculate the solution to the problem, compare
the obtained solution to that presented, and to depress the
appropriate switch.

If the prPsented solution was incor-

rect, Ss were required to verbalize the
when depressing the left-hand switch.

corr~ct

solution

This procedure was

used to check the accuracy of responding, to note any
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systematically incorrect calculations, and to prevent Ss
from guessing at the solution.

Both response latencies and

obtained solutions were recorded.
The use of the comparison procedure has been explained
in detail by Parkman (1972).

The justification for this

procedure is that for the 1 x 1 digit problems, latencies
are often of the magnitude of less than one sec., and verbal recording techniques are often inaccurate measures of
solution latency.

Previous studies have sh0wn that solu-

tion latencies for incorrect solutions are consistently
greater than for the same problems with correctly presented
solutions, and can therefore be considered to add a constant amount of processing time.
Within each daily block of 128 problems, Ss were
allowed to take a brief pause after each sub-unit of 64
problems.

Problems were presented at a rate determined by

the solution latency of each problem, with an interstimulus
interval of approximately five sec.

This interval allowed

E to record the latency and to insert a new stimulus card
into the tachistoscope.

The entire daily session lasted

approximately JO min.
Results
The data for the six Ss consisted of each of the 64
1 x 1 digit problems paired with either the correct solution, an incorrect-minus solution, or an incorrect-plus
solution, for a total of 192 presentations per

E·

Like-

JO

wise, the 2 x 1 digit _problems consisted of 192 presentations for a total of J84 presentatiops per

E·

Since the data were collected over a period of three
days--each problem presented once per day--the effects of
improvement over each of the sessions were analyzed.

The

mean solution latencies for the three consecutive days were
2588.68 msec., 2166.85 msec., and 1902.42 msec., respectively.

A repeated measures (Sessions x Ss) analysis of

variance was conducted on solution latencies, and resulted
in a significant main effect of Sessions, F (2, 10) =
22.90, B < .01.

Ss reduced their solution latencies as a

function of having practice performing the mental arithmetic operations.

The

surr~ary

of this analysis is presented

in Table 1.
The mean solution latencies pooled over sessions as a
function of problem type and solution type are shown in
Tables 2 and

J.

As hypothesized, the 2 x 1 digit problems

were greater than those for the 1 x 1 digit problems,
showing approximately a threefold increase.

The mean solu-

tion latencies for correctly presented solutions were lower
than for incorrectly presented solutions.
A repeated measures (Problem Type x Solution Type x
Ss) analysis of variance was 11erformed to determine the
overall effects of these factors for all 128 problems, and
is summarized in Table 4.

This analysis revealed that the

main effect for Problem Type was statistically significant,
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TABLE 1

Analysis o£ Variance on Solution Latencies
£or E££ects o£ Improvement over Sessions

Source

ss

d£

MS

Subjects (Ss)

3.9197

5

0.7839

Sessions ( S)·

1.4377

2

0.7188

0.3139

10

0.0314

5.6712

17

Ss
Total

X S

F

22.90

<.01

TABLE 2
Means and Standard Deviations of Solution Latencies in Milliseconds as a Function of Problem Type and Solution Type
-

Solution Type
Correct

Incorrect
Plus

Minus

X

S.D.

H-H

1116.3

237.8

1385.2

.592.4

L-H

1130.1

292.7

1156.1

H-L

1052.9

243.2

L-L

955·7

LH-H

S.D.

X

1253·5

466.4

1251.66

342.8

1132.2

318.7

1139.43

1255·9

~-54.0

1065.3

214.7

1124.69

219.5

1001.0

259.1

1044.7

236.7

1000.29

3819.8

1281.2

4172.0

1283.7

4490.8

1592.7

4160.83

HL-H

3461.2

1042.7

3617.1

1131.4

3467.4

975.6

3515.22

LH-L

2760.1

905.2

2940.5

828.1

2970 6 1020.7

2890.39

HL-L

2811.5

921.6

2635·9

822.1

2635.2

2694.20

Problem Type

1

2

X

X

1 Diglt

1 Digit

X

S.D.

X

I

775·4

!,_.)
1\.)

JJ

TABLE 3
Overall Mean Solution Latencies in Milliseconds as
a Function of Problem Type and Solution Type

Solution Type
Correct
Problem Type

Incorrect
Minus

Plus

Mean

1

X

1 Digit

1063.75

1199.55

1123.93

1129.08

2

X

1 Digit

3213.15

3341.38

3391.00

3315.18

Mean

2138.45

2270.47

2257.47

2222.13

J4

TABLE 4 .
Analysis of Variance on Solution Latencies
for Effects of Problem Type and
Solution Type for All Problems

ss

df

8.055

5

Problem Type (P)

4J.064

Solution Type ( S)
p X S

Source

MS

F

1

4J.064

79.16

<.01

0.1J5

2

0.067

4.21

<.05

0.031

2

0.015

1.47

ns

Error p

2.720

5

0.544

s

0.160

10

0.016

0.104

10

0.010

54.268

35

Subjects

Error

Error p
Total

X

S

35

f (1, 5)

= 79.16, ~ <,.01, indicating that solution laten-

cies were greater for the 2 x 1 digit problems.

The main

effect of Solution Type was also statistically reliable,

F (2, 10)

=

4.21,

~

< .05.

Planned comparisons using the Least Significant Difference test (critical value,

~.

01 = 1.39) for the main

effect of Solution Type revealed that the correct solutions
resulted in significantly lower latencies than both the
incorrect-minus (obtained value = 1.61) and."incorrect-plus
(obtained value = 1.50) solution types.

The difference

between the two types of incorrect solutions was not statistically significant.
In addition to the above statistical analysis of variance for the effects of problem type and solution type on
solution latencies, regression techniques were applied to
the seven structural variables.

The general computational

scheme for these analyses was to study the entire range of
problems used, and then to separately analyze the 1 x 1
and 2 x 1 digit problems.

Both simple linear regression

for each variable and stepwise multiple regression methods
were used.
For each of the 128 problems used, latency data were
pooled across all Ss and solution types to yield an oyerall
latency measure for each problem.
Due to the design of the present study and the construction of the problems used, the structural variables
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are a priori intercorrelated to varying degrees.

Table 5,

Table 6, and Table 7 show the degree of relationship among
the structural variables.for all problems, for the 1 x 1
digit problems, and for the 2 x 1 digit problems, respectively.

The high values for some of these intercorrela-

tions suggested a more detailed analysis to determine which
of these structural variables may be excluded from further
analysis.
The high correlations between Thomas's Long Q and
Short Q was expected due to the derivation of these values.
However, the Short Q provides information regarding the
manner in which the Ss solved the problems, and is intended
to take into consideration the redundancy found in certain
problems.
The correlations between the multiplier and multiplicand and the other structural variables for the 1 x 1 digit
problems is a function of the entire range of the 64 1 x 1
digit problems used.

Since every digit is paired once as

the multiplier and once as the multiplicand, these structural variables will be correlated to the same degree with
the other structural variables, and uncorrelated to each
other.
The linear regressions

pe~forrned

on the entire range

of problems are summarized in Table 8 which shows the regression intercept, slope estimate, the standard error of
the slope estimate, and the proportion of variance (r 2 )

TABLE 5
Intercorrelation Matrix of Structural
Variables for All Problems

Variable

1

2

3

4

5

1.

Thomas's Long Q

2.

Thomas's Short Q

.994

3.

Product

.851

.837

4.

Sum

.858

.884

·777

5.

Carry Digit

.264

.319

.117

.611

6.

Multiplicand

.830

.812

.856

.663

-.132

7·

Multiplier

.273

.304

·371

·559

.668

6

!

I
!

-.004

I
I
I

I

l

I
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TABLE 6
Intercorrelation Matrix of Structural
Variables for 1 x 1 Digit Problems

Variable

1

2

3

1.

Thomas's Long Q

2

Thomas's Short Q

.938

3·
4.

Product

.941

Sum

.984

.964

.9.59

j.

Carry Digit

.931

.9.50

.990

I

6.
. 7·

4

.5

6

l
I

.966

t

I

!

.944

!
I

I
I

Multiplicand

.696

.682

.678

.707

.668

Multiplier

.696

.682

.678

.707

.668

.000

I

I
!
l
I

···---·····-·-······· ····-·-·-··-··-··----·- --·--··..···--···-----·--------------··-·--------·-··------·-----··-·-·-·-··-·--·--·-------·--'------·---------·.J'
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TABLE 7
Intercorrelation Matrix of Structural
Variables for 2 x 1 Digit Problems

Variable

1

2

3

4

1.

Thomas's Long Q

2.

Thomas's Short Q

.993

3.

Product

.671

.638

4.

Sum

.908

.894

.748

5.

Carry Digit

.702

.714

.154

.696

6.

Multiplicand

.031

-.012

. 620

.224

7·

Multiplier

.864

.853

·730

5

6

;

.820

l!

-.464
.668

!

-.013

l
I

I

I
I
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accounted for by each _of the structural variables.

The

values for Thomas's Long Q and Short Q are interpreted as
explaining .884 and .869 of the total amount of
found in the data, respectively.

vari~nce

However, taking into ac-

count the high degree of correlation between these structural variables, the results are somewhat confounded.
By analyzing the multiple regression in a stepwise
manner, this high degree of correlation can be counteracted
to obtain a more exact estimate of the degree of predictability for the variables by partialing out the intercorrelations among the structural variables.

The stepwise

method enters the variable which is most highly correlated
with the dependent variable, latency, and continues to
enter the remaining variables until either all variables
are in the equation or until the addition of new variables
no longer produces a significant increase in the amount of
total variance explained.
The stepwise regression for all problems showed that
with all seven structural variables entered into the equation, the multiple regression coefficient (R 2 ) was .903.
In other words, these seven structural variables together
explained 90 percent of the total variance in the solution
latency data.

A summary of the order of entry into thP.

equation, as well as the percent of variance.explained by
each step is presented in Table 8.
The same analyses were performed individually on the

TABLE 8
Summary of Regression Analyses on Structural
Variables for All Problems

Step

Variable
Entered

Intercept

Slope Est.

S.E. Est.

r2

R2

1

Long Q

-526.630

1078.523

34.755

.884

.884

2

Multiplicand

1272.718

28.769

2.349

,_5L~Lj.

.890

3

Sum

-1009.203

235.003

16.642

.613

• 891-J-

4

Carry Digit

1748.696

182.513

54.734

.081

.901

5

Product

1357.395

4.766

0.337

.613

.903

6

Short Q

-143.876

1099.184

38.100

.869

.90.3

7

Multiplier

1441.208

141.978

45.881

.071

.903

..{:::"
1-"
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1 x 1 digit and 2 x 1 ,digit problems. Table 9 summarizes
the individual r 2 values as well as the description of the
regression equations for each of the structural variables
for the 1 x 1 digit problems.

Here the best predictor of

solution latency is Thomas's Short Q (.495), followed by
the Sum (.465).

The stepwise regression revealed that only

three of the structural variables made a significant contribution to the multiple regression.

These variables were

Thomas's Short Q, the Product, and the Sum.

Together they

explained .514 of the variance.
The 2 x 1 digit problems were also analyzed by regression methods which are summarized in Table 10 which shows
that the Carry Digit was the best predictor of solution
latencies, explaining .628 of the variance, followed by the
Multiplier (.579).

For the stepwise regression, all seven

variables contributed significantly to the total R2 value
of .?41.
To summarize the results of the regression analyses,
several points can be made regarding the relationships
between the structural variables and the types of problems
used.

First, for the entire range of problems, the seven

structural variables represent a very high degree of predictability for solution later.cies.

Secondly, the struc-

tural variables explain more variance for the 2 x 1 digit
problems than for the 1 x 1 digit problems.

Finally, dif-

ferent structural variables are more predictive f6r the

TABLE 9
Summary of Regression Analyses on Structural
Variables for 1 x 1 Digit Problems

Variable
Entered

Intercept

Slope Est.

1

Short Q

785.708

286.389

2

Product

978.708

3

Sum

801.954

Step

r2

R2

36.708

.495

.495

4.964

0.744

.418

.512

29.733

4.123

.456

.514

S.E. Est.

-------------------------------------------------------------------------------*

*

Long Q

543.595

377.462

55.498

.427

Carry Digit

1006.607

47.195

7·352

·399

Multiplicand

965.229

29.780

6.943

.229

Multiplier

965.743

29.687

6.950

.227

Variables below dashed line did not contribute significantly to R2

-{::"'

w

TABLE 10
Summary of Regression Analyses on Structural
Variables for 2 x 1 Digit Problems

Variable
Entered

Intercept

1

Carry Digit

2490.785

317.831

2

Multiplier

1916.673

3

Long Q

4

Sum

5

r2

R2

31.064

.628

.628

254.270

27.560

·579

. 725

-645 . .570

1116.881

147.177

.482

.728

91.399

195·379

25.006

.496

·732

Short Q

-311.769

1167.645

. 150.426

.493

·736

6

Product

2804.866

1.534

0.483

.140

·739

7

Multiplicand

3806.704

-8.125

4.467

.051

.741

Step

Slope Est.

S.E. Est.

.{:::.{:::-
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2 x 1 digit problems than for the 1 x 1 digit problems.
In light of these results, a further analysis was performed on the carry digit for the 2 x 1 digit problems.
The procedure for this analysis was to subtract from the
mean 2 x 1 digit latency the sum of the latencies for the
individual component 1 x 1 digit problems.

This difference

value can be interpreted as consisting of the time taken to
carry the digit and add it to the product of the second
multiplication.

When these differences were analyzed, the

correlation between increased solution latency and the size
of the digit being carried was statistically significant,
Pearson r

= .?48, t (62) = 8.875,

~ <

.01.

Therefore, as

the size of the digit being carried increased, the solution
latency also increased.

Table 11 presents the mean in-

crease and standard deviation of solution latencies for the
difference between the 2 x 1 digit and the component 1 x 1
digit problems.
The final analysis performed on the latency data was
intended to determine the subsets of the 128 problems to be
used in Experiment 2.

Post-hoc comparisons using Tukey's

procedure were performed on the problem type totals for the
1 x 1 digit and 2 x 1 digit problems.

Comparisons were

made on both the size of the multiplier and the size of the
multiplicand.
high values.

In both cases, low values were compared to
The error terms for these comparisons were

obtained by performing separate analyses of variance on the
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TABLE 11

Mean Solution Latencies in Milliseconds for
Differences Between 2 x 1 Digit Problems
and Component 1 x 1 Digit Problems as a
Function of the Digit Being Carried

...

Carry Digit

Number of
Problems

X Diff.

8

1

2196.20

7

2

2635.60

766.50

6

7

2182.00

387.13

5
4

4

1528.25

447.53

7

1338.70

443.69

3

7

993.89

334.51

2

12

994.14

395.64

1

17

756.95

510.82

0

11

579.19

277.59

s.

J).

~- ··--- ~- · ·- · ~ ·- ~· · -· · · - - - ~- - ~- - - - · --·-··-·-·-····--------·· ·-······---·---- ------------------···-----------····-·········j
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1 x 1 digit and 2 x 1 digit problems.

Appendix C presents

the summaries for both main analyseq of variance on which
the multiple comparisons were based.
The results of the Tukey comparison for the 1 x 1
digit problems as a function of the high vs. low multiplier, and the high vs. low multiplicand were F (4, 15)

4.11,

~

< .01, and F (4, 15) = 3.91,

~

=

< .01, respectively.

Similarly, Tukey comparisons were performed on the
2 x 1 digit problems.

For the comparison of latencies as

a function of the multiplier, statistical significance,
F (4, 15) = 37.92,

~

nificance, F (4, 15)

<

.01, was obtained.

= 15.39,

~

Statistical sig-

< .05, was also obtained

for the comparison as a function of high vs. low multiplicand.
For the comparisons on both the 1 x 1 digit and 2 x 1
digit problems, classification can be made based on either
the size of the multiplier or the size of the multiplicand.
In addition to the above results of the analyses on
solution latency data, the number and types of errors were
also recorded.

The total number.of errors for the three

sessions were 32, 17, and 25, respectively.

These values

represented 4.2%, 2.2%, and 3-3% of the total (768) presentations per session.

~ 2 (Z)

= 4~61, ~

A chi-square goodness of fit test,

> .05, revealed no statistically signifi-

cant differences in the number of errors per session.
Of the total number of errors committed during all
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three sessions, only two errors occurred on 1 x 1 digit
problems.

Table 12 shows the error data as a function of

sessions for the 2 x 1 digit problems.

Analysis was per-

formed on these data to determine whether more errors were
committed on any particular 2 x 1 digit problem type. A
chi-square test, 1... 2 (J) = 12.56, :Q < .01, revealed statistically significant differences by problem type over the
three sessions.

The LH-H problem type had more than the

expected number of errors, whereas the HL-L problem type
had fewer than the expected number of errors.
The analysis on the error data are in agreement with
the analyses on the solution latency data for the 2 x 1
digit problems.

The LH-H problem type is the most diffi-

cult, and the HL-L problem type is the least difficult.
Discussion
The aim of the present experiment was to investigate
the relationships between different types of information
processing involved in obtaining solutions to different
types of mental arithmetic problems and to quantitatively
scale these problems along a difficulty continuum.

In par-

ticular, the focus was on the substages involved in processing solutions for 2 x 1 digit problems as compared to
those involved in processing 1 x 1 digit problems.
Due to the nature of the problems, a comparison procedure was employed following that of Parkman and Groen
(1971) and of Parkman (1972).

The Parkman results showed
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TABLE 12 .
Total Number of Errors for 2 x 1 Digit
Problems as a Function of Sessions

Sessions
1

2

3

HL-H

6

7

6

19

LH-H

14

7

8

29

HL-L

3

0

5

8

LH-L

7

3

6

16

Total

30

17

25

72

Problem Type

Total
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that solution latencies in which the correct solution was
presented were significantly lower t{ian when an incorrect
solution was presented.

As shown in Appendix C, the pres-

ent results confirm this finding for the 1 x 1 digit problems, but not for the 2 x 1 digit problems.

Since Parkman.

used only 1 x 1 digit problems, the present results indicate that his model does not generalize to 2 x 1 digit
problems.
The finding that the 2 x 1 digit problems took significantly longer to solve than the 1 x 1 digit problems
is not surprising; but for the purposes of defining a difficulty factor, the results are important.

Furthermore,

the conclusion can be made that the information processing
demands for the 2 x 1 digit problems are much greater than
for the 1 x 1 digit problems.
In particular, as Parkman concluded, the mechanism
responsible for solving 1 x 1 digit problems may be hypothesized to consist of a simple retrieval function from longterm memory with direct access via short-term and intermediate-term memory systems.

However, for the 2 x 1 digit

problems, the additional stages of holding the first product while carrying the digit into the second multiplication, and adding this digit to the second product places
a strong demand on short-term memory and the rehearsal
mechanism.

The results from this additional processing

greatly increased solution latency.

As the results from
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the present study show, the size of the digit being carried resulted in a strong positive r,elationship with the
increased solution latency for the 2 x 1 digit problems.
These results are not supportive of Dansereau's (1969)
computer simulation model in which he assumes that 1 x 1
digit multiplication and addition operations are constant.
Additionally, the assumption of equal contributions to
solution latency among the substage operations was not
supported.

The carry function is much more critical in

predicting solution latencies than stated by Dansereau.
However, as the present study did not include the "hold"
function, this conclusion may be indicative that the additional processing time is a function of the "hold" or
"add" stages, which are included in the carry function in
the present experiment.
The analysis on the seven structural variables devised
for the present experiment reveal some significant factors
regarding the differences between 2 x 1 digit and 1 x 1
digit problems.

The first of these factors rests with the

results found in the regression analyses for the individual
problem types.
The single structural variable which accounts for the
greatest amount of variance for solution latencies to the
1 x 1 digit. problems is Thomas's Short Q, whereas it is
the size of the digit being carried which is most predictive for the 2 x 1 digit problems.

This finding is crucial
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to the differences between the two types of problems.

Spe-

cifically, the carry digit for the 2, x 1 digit problems is
representative of the intermediate processing substages of
11

carry," "hold," and "add."

The 1 x 1 digit problems, how-

ever, do not require this type of information processing,
and are best predicted by Thomas's Short Q, which is intended to predict solution latencies for problems in which
there is a high degree of redundant information.
In the present context, solutions to the 1 x 1 digit
problems have, in adults, been highly overlearned, and
therefore contain little information.

From an information

theory view, the higher the degree of uncertainty involved
in a particular stimulus, the greater the amount of information contained in the stimulus.

The solutions to the

1 x 1 digit problems are directly accessible from longterm memory with little difficulty, and it can be hypothesized that they contain little information--and what information is present is highly redundant.
The selection of the structural variables was determined more by an interest in predicting difficulty for
2 x 1 digit problems than for 1 x 1 digit problems.

As

the differences between the stepwise regressions for these
probl0ms show, the degree of predictability for the total
number of structural variables is quite different, with
more variance explained for the 2 x 1 digit probiems than
for the 1 x 1 digit problems.

However, when all problems
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were analyzed together, the multiple regression coefficient
was remarkably high, with Thomas's Long Q predicting most
of the variance.

The selection must therefore be consid-

ered as being successful in predicting solution latencies
for the entire range of problems used.
The results must be qualified in this study by the
high degree of correlation arr1ong the seven structural variables.

Parkman used a somewhat different selection of

structural variables on 1 x 1 digit problems, and found a
similarly high degree of intercorrelation.

One possible

suggestion for further investigations of this nature is to
incorporate factor analytic methods to localize potential
factors involved in mental multiplication.
For the purposes of defining a priori difficulty
levels of the problems to be used in Experiment 2, the results from both analysis of variance and regression analysis were taken into consideration.

Although Thomas's

Short Q and the size of the carry digit were most predictive for the 1

X 1

digit and 2

X 1

digit problems, respec-

tively, the difficulty factor was determined according to
the overall mean solution latencies.

Both the order of in-

creasing solution latency and multiple comparisons revealed
that the best definition of difficulty is based on the size
of

t~e

multiplier, either high or low.

Although there was

no significant difference between the L-H and H-L 1 x 1
digit problem types, it was expected that this factor would
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not significantly affect the distinction between the easy
and difficult 1 x 1 digit problems.

EXPERIMENT 2
Introduction
As stated previously, the difficulty in developing an
adequate model to represent temporal phenomena rests to a
great extent with the lack of information regarding the
nature of the events occurring within intervals.

Secondly,

the type of information processing required to deal with
external events is quite different for various situations.
Burnside (1971), using 2 x 1 digit multiplication
problems, found underestimates of intervals in which these
problems were being solved.

However, he failed to ade-

quately define the type of information processing required
to perform the task.
Experiment 1 determined the difficulty of both 1 x 1
digit and 2 x 1 digit problems as a function of the size of
the multiplier.

These problems are used in the present

experiment to investigate the effects of multiplication
task complexity while estimating temporal intervals.
The present experiment follows Burnside's procedure
with an additional factor of predicting time estimates as
a function of both the type and difficulty of the problems
used.

By varying both of these factors, it is possible to

determine their effects on duration estimates.

In addi..-

tion, memory functions can also be investigated by using
both 1 x 1 digit and 2 x 1 digit problems within the same
experiment.

If the temporal experience is in part a
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function of the storage and retrieval of information processed in time, then the processing rate of the system
should theoretically be a critical determinant of the storage and retrieval process.
Ornstein (1969) hypothesized a storage-size metaphor
to account for the experience of duration.

By manipula-

ting the type and amount of information being stored, as
well as the demands placed on both long- and short-term
memory, it should be possible to further investigate the
role of memory in time estimation.

Moreover, since 1 x 1

digit problem solving requires less intermediate rehearsal
of processing substages than 2 x 1 digit problems, the differential contributions of long- and short-term memory can
be assessed.
By using the method of reproduction, the present experiment is directed toward investigating the role of memory in temporal experiences, since Ss are required to reproduce the duration of an interval after the interval is
over.
To test the veracity of Ornstein's storage-size
hypothesis and Burnside's expansion to mental arithmetic
tasks, the present experiment uses predetermined difficulty
levels to test the hypothesis

~hat

duration experience is

a function of the number of discrete items stored during a
given interval.

Specifically, the estimation of intervals

will correspond to the number of problems solved during the
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interval, rather than .the amount of information processing
required to solve the problems.

Fur.thermore, the substages

required to obtain solutions to the problems will drop out
of memory and decrease the storage size of memory.

This

prediction is in line with the results and interpretation
of Burnside.
Experimental Hypotheses.

The above theoretical pre-

dictions can be expressed by the following experimental
hypotheses:
1.

Different processing mechanisms are involved in
solving 1 x 1 digit and 2 x 1 digit problems and
affect time estimation differentially, with 2 x 1
digit problems resulting in greater underestimates
than 1 x 1 digit problems.

This prediction will

be demonstrated by a significant main effect of
Task.
2.

Processing demands during problem solving will
result in greater underestimation for the difficult problem types than for the easy problem
types.

This prediction-will be shown by a signif-

icant main effect of Difficulty.
J,

The effects of solving easy vs. difficult 2 x 1
digit problems is greater than for 1 x 1 digit
problems.

This prediction will be demonstrated

by a significant interaction between Ta'sk and Difficulty.
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4.

The duration of the initial interval does not
differentially affect time estimation.

This pre-

diction will be demonstrated by a non-significant
main effect of Interval.

5.

Intervals filled with mathematical problem solving
activity are estimated by recalling the nQmber of
problems solved during the interval.

This pre-

diction will be exhibited by a significant correlation between time estimates and the number of
problems solved.
Method
Subjects.

Twenty-four male and 24 female undergrad-

uate students were chosen from Introductory Psychology
classes at California State University, Northridge, as part
of their course requiren1ents.

The mean age of all Ss was

19.67 yrs., ranging from 17 to 32 yrs.

None of the Ss had

taken part in time estimation experiments prior to the
present experiment.
Apparatus.

A Gerbrands two-channel tachistoscope was

used to illQminate the stimulus cards during the presentation intervals.

Three Davis time interval generators were

connected in series to (a) initiate and terminate the presentation interval, (b) to control a constant 1.5 sec.
interstimulus interval, and (c) to begin the reproduction
interval.

When Ss had estimated the initial presentation

interval, they depressed a hand-held switch which
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terminated a Standard Electric clock.

Duration estimates

were recorded to the nearest .01 sec.
Stimulus Material.

The problems were those used in

Experiment 1 (see Appendix B), and were divided into four
categories.

The 64 1 x 1 digit problems were divided into

categories of Easy and Difficult.

The easy problems were

L-L and H-L problem types, while the difficult problems
were the L-H and H-H problems.
For the 64 2 x 1 digit problems, the Easy classification consisted of the LH-L and HL-L problem types, while
the Difficult problems were LH-H and HL-H.

There were 32

problems in each of these categories.
The problems were printed in four columns of eight
problems per column, and were of the following forms:

59 x 9; 9 x 5.

For each of the four problem categories,

there were four separate problem cards, one for each estimation interval.

The problems on the cards alternated

down the columns between each of the two component problem
ty~es

(e.g., L-L, H-L, L-L, ... ) to insure that Ss were

exposed to approximately the same number of problems from
each category.
ra~domly

The order of the problems was assigned

to the columns.

Design.

The Ss were rardomly assigned to four main

groups of 12 Ss each.

These groups consisted of equal

numbers of males and females.

The basic design was a 2 x

2 x 4 mixed design (Task x Difficulty x Interval), with
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repeated measures on

~he

last factor.

tors functioned as the four main

gr~ups

The first two facfor the experimen-

tal design.
Factor one was the

ty~e

of problem to be solved, with

one level being 1 x 1 digit problems, and the other level
being 2 x 1 digit problems.
The second factor consisted of the difficulty of the
problems.

The two levels of this factor were Easy and Dif-

ficult.
The third factor was the time interval to be estimated, and was the factor on which there were repeated measures.

The four levels of this factor were intervals of 8,

12, 16, and 20 sec.
· The order of interval presentation was counterbalanced
to control for possible carry-over and sequence effects.
This counterbalancing technique resulted in four orders,
with three Ss in each of the main groups receiving the
intervals in the same order.
The order of presentation of the stimulus cards was
randomized within each of the four main groups.
Procedure.

The experimental procedure employed the

method of reproduction in which Ss are presented an unknoml interval, and then asked to terminate a clock after
a period of time they judge to be equal to the initial
interval.
When Ss entered the experimental room, they were
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greeted and informed that they would be taking part in a
time estimation experiment in which ;they would be required
to estimate the duration of an interval in which they were
performiLg mental multiplication.

The use of the tachis-

toscope was explained, and the procedure to be followed
was read to

~s

(see Appendix D for the directions).

Ss

were then shown the use of the tachistoscope and the series
of lights representing the initial and reproduction intervals.
After this trial run, Ss were asked if they had any
questions regarding the procedure to be followed during the
remainder of the experiment.

A 10 sec. interval was then

presented to check the accuracy of temporal estimation for
a task-empty interval, and to insure that Ss knew the procedure.
The actual experimental procedure was to present _§s
one of the stimulus cards for each interval.

Upon initi-

ation of the interval, one channel of the tachistoscope
was illuminated, revealing the stimulus card.

Ss then be-

gan mentally solving the problems, and verbalized the solution to each problem.

They began solving the problems

in the upper left corner of the stimulus card, and proceedc~d

down the column to the top of the next column, etc.

After the predetermined interval, the channel went dark for
a period of
nated,

1.5 sec.

reve~ling

The second channel was then illumi-

a second card with an X printed in the
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center.

This

stim~lus

represented the beginning of the

reproduction interval, and

simultane~usly

initiated the

recording clock.
When Ss felt that the second channel was illuminated
for a period of time equal to the time they had just spent
performing the mental arithmetic, they depressed a handheld switch which stopped the recording clock and simultaneously shut off the light in channel two of the tachistoscope.

The latency, number of problems solved, and the

number of errors were recorded.

A second stimulus card

was then placed in the tachistoscope, the recording clock
was reset, and another interval was selected.

This pro-

cedure was followed for all four stimulus intervals.

The

entire duration of the experiment was approximately 15 min.
Results
All Ss were given one 10 sec. practice trial with no
problems presented to obtain a baseline estimate and to
note ar1y systematic differences in time estimation ability
between the groups.

A t-test performed on this data be-

tween the 1 x 1 digit and 2 x 1 digit groups revealed no
significant difference, t (46) = 0.219,

~

> .10.

The mean

estimate of this interval for all Ss was 10.91 sec.
Mean estimates for the four main groups are presented
in Table 13 for each of the four time intervals.

In each

of the four groups, perfect mean estimation is 14.00 sec.
These results were not in the expected direction, as the
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TABLE 1J
Mean Estimates in Seconds as a Function
of Task, Difficulty, and Interval

Interval
Task

1

X

1

X

Difficulty

8

12

16

20

Mean

1

Easy

8.64

12.36

17.99

19.74

14.68

.,

Diff .

6.58

10.63

12.55

16.90

11.67

X

7.61

11.50

15.27

18.32

1).18

.L

2

X

1

Easy

5.24

8.02

10.04

12.)4

8.91

2

X

1

Diff.

6.62

9.47

11.69

14.27

10.51

X

5·93

8.75

10.87

13.31

9.72

Mean

6.77

10.13

13.07

15.81

11.45
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2 x 1 Easy group produced greater underestimates than the
2 x 1 Difficult group.
Three ways of analyzing time estimation data are conventionally used:
ratio data.

raw data:, log transformed data, and

Hornstein and Rotter (1969) have explained the

rationale behind ratio transformations of data, stating
that analysis on raw data or log transformed data produce
significant main effects of intervals as a function of different intervals used.

Therefore, even if every interval

is perfectly estimated, a significant interval effect
exists.
The bulk of the analysis performed on the present
estimation data used ratio transformations.

The procedure

takes the estimate as a ratio of the actual interval.
Hence, estimates of 1.00 indicate perfect accuracy, those
below 1.00 indicate underestimates, and those above 1.00
indicate overestimates.
The mixed analysis of variance (Task x Difficulty x
Interval) on the ratio data is summarized in Table 14.
significant main effect of Task,

~

(1, 44)

= 1).415,

~

A
<

.001, indicated that mean transformed duration estimates

were lower for Ss who had performed 2 x 1 digit problems
than for those who had performed 1 x 1 digit problems.
A significant interaction was obtained between Task
and Difficulty, F (1, 44)
trated in Figure 1.

= 6.0]2,

~

< .025, and.is illus-

For the 1 x 1 digit problems, diffi-

--------~-1

!

TABLE 14
Analysis of Variance on Ratio Estimation Data for
Effects of Task, Difficulty, and Interval·

ss

df

MS

F

Task (T)

].670

1

3.670

13.42

<.001

Difficulty (D)

0.353

1

o·. 353

1.29

ns

1.650

1

1.650

6.03

<.05

12.037

44

0.409

3

0.136

. 3. 99

<.01

Source

T

X

D

Error between
Interval (I)
T

X

I

0.048

3

0.016

0.47

ns

D

X

I

0.111

3

0.037

1.08

ns

T

X

D

I

0.396

3

0.132

3.87

<.01

Error within

4.502

132

O.OJ4

23.176

191

Total

X
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Fig. 1. Mean ratio of estimated duration to
the actual duration collapsed over intervals
as a function of task and difficulty.

culty rankings were in the expected direction, with the
Difficult problems resulting in lower transformed estimates
than the Easy problems.

However, the 2 x 1 digit problems

were in the reverse direction.

The Easy problems resulted

in greater underestimates than the Difficult problems.
These results do not support previous findings of progressively decreasing estimates as a function of increasing
complexity.

A significant main effect of Interval was also found,
F (3,

132)

= 3.994,

~

< .01.

The tendency was for Ss to

progressively underestimate intervals as a function of increasing interval size.
A significant triple interaction was obtained between

Task, Difficulty, and Interval, F (3, 132)
.01.

= 3.870,

E <

Figure 2 depicts these results as a function of all

three factors.

Solving 1 x 1 Easy problems resulted in

overestimates of all intervals.

For the remaining three

groups, underestimates were obtained for all intervals.
Interval effects are shown to be mainly a result of the
1 x 1 Easy and 2 x 1 Difficult problem types.

Estimates

for the 1 x 1 Difficult and 2 x 1 Easy problem types appear to be fairly consistent, although underestimated.
In addition to the estimation data, the nmnber of
problems solved were also recorded.

Table 15 shows the

output data as a function of task, difficulty, ahd interval.

Here the difficulty predictions were met regarding

TABLE 15
Mean Number of Problems Solved as a Function
of Task, Difficulty, and Interval

Interval
Task

Difficulty

8

12

16

20

Mean

1

X

1

Easy

8.75

12.75

~6.50

21.25

14.81

1

X

1

Diff.
-

4.25

7.25

9·75

11.92

8.29

6.50

10.00

1.3.13

16.59

11.56

X

2

X

1

Easy

1.75

2.58

J.50

.3·75

2.90

2

X

1

Diff.
-

0.67

0.67

1.75

1.75

1.21

X

1.21

1.6.3

2.6.3

2.75

2.06

Mean

J.86

5.81

7.88

9.67

6.80
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the number of problems, solved during each of the four
intervals.

A greater number of solutions were output for

the Easy condition than for the Difficult condition when
combined over tasks (1 x 1 and 2 x 1 digit problems),

t (46)

= 2.54,

~ <

.01.

Table 16 summarizes the mean total number of problems
solved for all intervals, the mean total number of errors
committed, and the mean total number of problems correctly
solved.

A factorial analysis of variance (Task x Diffi-

culty) was performed on the number of problems correctly
solved, and revealed a significant main effect of Task,
F (1, 44) = 179.61,

~

< .001, indicating that more problems

were correctly solved for the 1 x 1 digit group than for
the 2 x 1 digit group.

The main effect of Difficulty was

also statistically reliable, F (1, 44)

= 35.46,

~

< .001,

with more Easy than Difficult problems being correctly
solved.

The Task x Difficulty interaction also revealed

statistical significance, f

(1, 44)

=

13.53,

~

< .001.

Difficulty level affected the number of correctly solved
problems for the 1 x 1 digit condition to a greater degree
than for the 2 x 1 digit problems.
Returning to the results for time estimations and
the number of problems output during the interval as shown
in Tables 13 and 15, there appears to be a

s~rong

relation-

ship between estimation of the interval and the number of
problems solved.

Figure 3 displays the relationship
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TABLE 16
Mean Total Number of Problems Solved, Errors, and
Correctly Solved Problems for all Intervals
as a Function of Task and Difficulty

Task

Number
Solved

Errors

Correctly
Solved

Easy

59.25

1.58

5?.67

Diff.

JJ.50

2.92

J0.58

Difficulty

1

X 1

1

X

2

X 1

Easy

11.58

2.00

9.58

2

X 1

Diff.

4.8J

1. 75

J.08

27.29

2.06

25.23

1

Mean
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between the mean estimates and the mean number of items
output (problems solved) as a function of interval for the
entire range of problems used.

The above relationship was

analyzed by performing correlations in three ways, as
summarized in Table 17.

One analysis included all prob-

lems, and resulted in significant correlations between
problems output and estimates for all intervals.

Likewise,

the 1 x 1 digit and 2 x 1 digit problems were analyzed
separately.

The 1 x 1 digit problems resulted in signifi-

cant correlations for all intervals, but no significance
was obtained for any of the intervals in which Ss were
solving 2 x 1 digit problems.
Discussion
The obtained results lend support to the hypothesis
that different types of mental arithmetic place different
demands on the processing system and result in different
time estimates.

The general finding that cognitive task-

filled intervals are underestimated was not fully supported
in the present study, as the easy 1 x 1 digit problems
resulted in overestimates of intervals in which they were
presented.

However, for the entire range of problems in-

vestigated, the results are not strong enough to refute
the t;ypical result .
. The prediction of significant differences due to difficulty level was not supported.

However, as the 2 x 1

digit problems anq 1 x 1 digit problems require different
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TABLE 17.
Summary of Correlations Between Time Estimates
and Number of Problems Solved as a Function
of Interval for All Problems, 1 x 1 Digit
Problems, and 2 x 1 Digit Problems

All Problems

1

2

X

X

r
-

df

t

B

8 sec.

.487

46

J.78

<.001

12 sec.

.539

46

4.34

<.001

16 sec.

.539

46

4.34

<.001

20 sec.

.561

46

4.60

<.001

8 sec.

.499

22

2.70

<.05

12 sec.

.561

22

3.18

<.01

16 sec.

.563

22

3.20

<.01

20 sec.

.608

22

3·59

<.01

8 sec.

-.073

22

-0.34

ns

12 sec.

.253

22

1.23

rn

16 sec.

.041

22

0.19

ns

20 sec.

-.087

22

-0.41

ns

1 Digit Problems

1 Digit Problems
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types of information processing, the significant interaction between task and difficulty qualify this negative
finding and lend further support to the hypothesis of different types of information for the 2 x 1 digit and 1 x 1
digit problems.
In terms of difficulty alone, the present results are
in agreement with Ornstein's (1969) results for his experiment in which visual complexity of random figures was
varied.

However, he found that duration estimates in-

creased as a function of complexity, but only to a certain
level, above which no further overestimates occurred.

In

the present study, an analogous but directionally different result was obtained.

It may be interpreted that the

2 x 1 difficult problems consisted of a difficulty level
which exceeded the Ss' capacity to process the information,
and they subsequently switched to an estimation strategy
based on the total time spent performing the problems,
rather than attempting to match output.
The results from the output-estimation correlations
are consistent with Burnside's (1971) hypothesis regarding
mechanisms responsible for time estimation, and support
the storage-size hypothesis of Ornstein for all problems
analyzed together.
perf~rmed

However, when separate analyses we c~e

on the 1 x 1 digit problems, the results are not

entirely supportive of the theory.

For the 1 x 1 digit

problems, it appears that Ss were attempting to match

76

outputs of the.initial, interval when estimating the time
spent solving the problems.

In

addi~ion,

during the reproduction phase, they

Ss reported that

attempted to count off

the problems solved, and used this coQnt as an aid in estimating the time spent solving the problems.
For the 2 x 1 digit problem groups, an output matching
strategy was not employed.

Since their output was low,

they switched strategies, and attempted to estimate more
directly the time spent problem solving.

As problems were

solved at an irregular rate, a regular cadence was not
produced, and Ss had to estimate the time spent solving
each problem.

Here, the intermediate processing substages

of "hold," "carry," and "add" contributed the majority of
time spent solving the problems.

Characteristically, Ss

reported estimating the interval by going through the intermediate s-teps of each problem.

Rather than attempting

to match outputs during the reproduction interval, they
reverted to a more inefficient strategy of actually estimating the interval.
The above strategy is evidenced by the different
time estimates for the 2 x 1 digit problems as a function
of difficulty.

The Easy problem types resulted in a

greater amount of underestimation than the Difficult problem types.

Output for the Easy condition was greater than

for the Difficult condition.

§s in the easy condition were

attempting to match output, and their resulting estimates
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·were greatly underestimated.

For the Difficult condition,

however, _2s' output was much lower, but their estimateo
were more accurate.

In this condition, matching outputs

was an ineffective estimation strategy, so they simply
reproduced the interval as a function of nonspecific temporal information alone.
The notion of time estimation based on an output
matching strategy appears to be supported to some ·extent
in the present study, as the results are in·general agreement with those obtained by Burnside.

However, this strat-

egy may be effective for only those problems which produce
regular and consistent output.

Since the 2 x 1 digit prob-

lems did not meet this criterion, it appears that Burnside's theoretical position may not hold for a carefully
controlled and predetermined range of mathematical problems.
The hypothesis that interval size makes no difference
was not supported in the present study.

Furthermore, the

results are in opposition to Smith's (1969) finding that
duration estimates become more accurate as the size of the
interval increases.

However, as Smith used intervals of

15,· 30, 60, and 120 sec., the results of the two experiment~

can be only tentatively compared.

Burn~ide

On the other hand,

reported no effect due to interval size for a more

representative range of intervals and tasks as used in the
present experiment.

No interpretation of this interval
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effect is presently postulated, as there appears to be
little consistent evidence in the literature for either
an increasing or decreasing estimation accuracy for intervals of the range presently used.

DISCUSSION AND CONCLUSION
The problem inherent in the majprity of time estimation experiments is that adequate definition of the tasks
used to fill intervals has been lacking.

Specifically,

when comparing the effects of different tasks on time estimation, the actual mechanisms responsible for processing
the information have been overlooked.

Consequently, no new

knowledge has been presented regarding the mechanism of
time perception.
The present experiments attempted to overcome this
problem for mathematical tasks.

It appears that solving

1 x 1 digit and 2 x 1 digit mental multiplication problems
requires different processing mechanisms.

From Experiment

1, the fact that different structural variables were maximally predictive of solution latency supports this notion.
Solving 1 x 1 digit problems consists mainly of a retrieval
function from long-term memory.

As hypothesized by Parkman

(1972), this mechanism may be considered to be analogous to
a digital retrieval index which searches long-term memory
for solutions to the problems.

In this situation, no ad-

ditional processing is required, and once the solution has
been found, the search is terminated.
:ln the other hand, solving more complex 2 x 1 digit
problems requires a greater amount of intermediate processing in terms of the rehearsal necessary to hold and carry
the product of the first multiplication step.
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Here it

may
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be hypothesized that short-term memory must simultaneously
perform both a retrieval and rehearsal function.

As the

size of the carry digit increases, the rehearsal mechanism
is stressed, and solution latencies increase proportionally.
It may be argued that solution latencies are an adequate measure of problem difficulty.

Furthermore, by re-

garding this level of difficulty as representative of the
complexity of the stimuli, the results of the present
studies can be compared to previous findings.

When tasks

are ordered on an increasing level of cognitive complexity,
the results generally show a progressively decreasing
estimation of intervals in which they were presented.

The

results from Experiment 2 provide limited support of this
generalization.

The 1 x 1 digit problems fit the cognitive

complexity interpretation very well, although solving 2 x 1
digit problems requires further elaboration.
The choice of a difficulty criterion in Experiment 1
was based on mean solution latencies.

Although the problem

were categorized into Easy and Difficult

ty~es

difficulty

levels based on the size of the multiplier, there are a
nt~ber

of other possible ways to define this factor.

~or

example, Thomas's (1963) Long Q could have been employ0d,
as well as the size of the multiplicand.

In.either case,

difficulty levels could have been easily constructed.
In terms of the processing mechanisms responsible for

8t

solving simple and complex mental multiplication problems,
an analogy may be made between a digital and an analog
processing mechanism.

Solving 1 x 1 digit problems pro-

ceeds by a digital mechanism, in-which solutions are obtained directly from long-term memory.

However, since

intermediate substages are required to solve the 2 x 1
digit problems, the processing system must increase the
computational schema, and simultaneously direct the retrieval search while briefly storing the intermediate calculations.
It is this difference in processing activities which
differentially affect time estimation.

When using the

method of reproduction, it is necessary to store in memory
the events which occurred during the initial interval.
During the reproduction phase, these events are retrieved
from long-term memory, and are the basis for estimating the
time spent solving the problems.

Solving 1 x 1 digit

problems requires little short-term memory demand for rehearsal, and the products are obtained in a temporally
regular manner.

According to Burnside (1971), the solu-

tions to the problems are stored in long-term memory, and
are used as temporal markers to delimit or partition the
initial interval.
hypo~hesis

The present experiments support this

for the 1 x 1 digit problems.

For the more complex 2 x 1 digit problems, solutions
are obtained in an analog fashion, with the greatest
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percent of solution time taken by the intermediate substages.

Burnside interpreted similar results as due to

the substage processing dropping out of memory, with only
the actual solution remaining.

This interpretation is

consistent with the present findings, although his postulation of the process of duration estimation may be inappropriate.

For the 1 x 1 digit problems used in the pre-

sent experiment, it appears that Ss do attempt to match
output of the number of problems solved, but they estimate
intervals in which they were solving 2 x 1 digit problems
in a different manner.
For the 2 x 1 Easy problems, it appears that Ss attempt to match outputs, as evidenced by the

nQ~ber

lems solved and subsequent duration estimates.

of prob-

It is at

this level of problem difficulty where intervals are maximally underestimated.

If, as predicted, cognitive com-

plexity were directly related to time estimates, then the
2 x 1 Difficult problems would have resulted in the greatest degree of underestimation.
supported, however.

This prediction was not

Instead, the 2 x 1 Difficult problem

types resulted in more accurate estimates than the 2 x 1
digit Easy problems.
The estimation strategy for these problem types is
not to match output, but rather to switch to a strategy
based on the time taken to perform the intermediate substages.

Since this processing information is transient
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even at the time the problems are being solved, the information is never stored in long-term memory, and is therefore unretrievable during the estimation phase.

The esti-

mation strategy is therefore to recall the more diffuse
information of how long the entire interval lasted.

This

strategy is not inappropriate, as estimates were more
accurate for the 2 x 1 Difficult problems than for the
2 x 1 Easy problems.
Ornstein (1969) interpreted the results of a similar
eA~eriment

in terms of capacity requirements.

However, he

found an asymptotic relationship as the complexity of his
visual stimuli increased.
with increasing complexity.

Time estimates became no worse
The results from the present

experiment lend themselves to a somewhat different interpretation.
Difficulty level is a factor which is an accurate
predictor of duration estimates within a limited range.

By

exceeding the difficulty level, the S's capacity to process
mathematical information decreases such that time estimation switches to a strategy which interprets the duration
as a function of the amount of substage processing which
occurred, rather than the number of problems solved during
the interval.

The notion of discrete versus

continuou~

processing appears to be a useful interpretation of the
results.

If Ss produce solutions in an interval, and

thereby delimit the interval into discrete portions, then
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fairly accurate estimations are made by matching the time
required to produce the discrete

n~ber

of problems solved.

However, if the intervals cannot be divided into discrete
components, as in the 2 x 1 Difficult condition, this
strategy becomes ineffective.
The storage-size hypothesis appears to be a valuable
contribution to the theoretical framework of time estimation.

The present study revealed, however, the fact that

time estimation cannot depend entirely on the memory of
what was stored during the interval.

For the 2 x 1 Dif-

ficult condition, it cannot be stated that the increase in
estimation accuracy was a function of more events remaining
in storage, as Ss solved less problems than in the 2 x 1
Easy condition.

The storage-size hypothesis would predict

that this condition would result in the greatest amount of
underestimation.
The lack of support for the storage-size hypothesis
brings into focus the more general question regarding the
nature of what is stored in memory during an interval.

The

2 x 1 Difficult condition resulted in few solutions being
stored, yet estimates were more accurate than in the 2 x 1
Easy condition, and almost as accurate as the estimates for
the 1 x 1 Difficult condition.

This result is not easily

interpreted.by the storage-size hypothesis.
An alternate avenue of investigation is to consider
the processing of temporal information in the same way as
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non-temporal information.

Ornstein presented a section

regarding this approach, which he called the "sensoryprocess metaphor."

Although this metaphor was abandoned

in favor of the storage-size hypothesis, the results from
the present experiments suggest that divided attention may
be an alternative interpretation of processes responsible
for the temporal experience.
This distinction has been made (Block, 1974) regarding
the different attributes of time perception.

The first of

these is in regards to "time in passing," whereas the
second deals with "time in retrospect."

The central issue

for time percpetion is in terms of this distinction.

If it

can be assumed that there is a distinction between temporal
and·non-temporal information contained in sensory and cognitive tasks, the central issue is to determine how each
type of information is processed.
Man has a central system of limited capacity which is
often called upon to perform tasks or process information
which is either too complex or is presented at such a rate
that performance is hampered.

In either case, attention

must be allocated to one task at the expense of

others.

This problem of selective attention has been investigated
mainly for auditory stimuli (Cherry, 1953; Moray, 1959;
Treisman, 1960), using the techniques of speech shadowing
and dichotic listening.

The well known "cocktail party

phenomenon" exemplifies the nature of selective attention
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in which we selectively "tune-out" irrelevant messages.
When asked to recall parts of the non-selected message,
.Ss' performance is uniformly poor.
A number of theories have been proposed to account for-

phenomena such as selective attention.

Broadbent (1958)

proposed a filter model which incorporated a single channel by which information proceeds to higher levels.

The

filter is set to permit the relevant message to be processed, and all other messages are attenuated and do not reach
the perceptual level of awareness of the content contained
therein.

The system changes parallel or multiple input

into serial internalized process which prevents it from
being overloaded.

Furthermore, multiple input can be proc-

essed only by changing the direction of the filter.
In a later formulation of the theory, Broadbent and
Gregory (1964) hypothesized that there are a number of
channels such as for verbal classes, languages, etc.

This

modification of the theory suggests that temporal experience from external sources may proceed along different
channels than those used to process other types of information.

These temporal channels may be considered as

either difficultly accessible or dependent on the strength
of the message along competing channels.
cha~el

The "temporal"

may be of low priority in relation to channels

which carry non-temporal information.
Another filter model was proposed by Treisman (1960)

87

with more defined selection rules than in Broadbent's
model.

Treisman's model allows for a filter which can be

employed to select messages with relevant physical characteristics based on the task requirements.

The filter

selectively attenuates messages which do not fit the
criterion characteristics of the task.

It is possible for

an attenuated message to reach the perceptual level if it
is distinct and familiar.
one's name.

An example of such a message is

Redundant information such as certain language

characteristics found in prose material is processed in the
same fashion.
Temporal information, although not specifically included in Treisman's model, may possess the capacity to be
processed in parallel with non-temporal information, if one
makes the qualifying assumption that temporal information
is highly redundant.
Both Broadbent's and Treisman's models select information for processing at the stimulus or input level.
Deutsch and Deutsch (1963) proposed a model similar to that
of Treisman, with the difference being that messages are
attenuated at the response or output level.

Their theory

states that once a message captures the attention of the
system, it sets the criterion for processing of other signals.

The general arousal level of the organism as well

as the message itself are determinants in the selection
process.
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The notion of general arousal of the organism as proposed by Deutsch and Deutsch is the keynote in a more
recent model presented by Kahneman (1973), in which attention is viewed as an internalized capacity similar to effort.

Kahneman's model, rather than regarding attention as

being determined by structures within the

nervou~

system,

views attention as being determined by the amount of effort
being invested to a particular task at a given moment .
. This effort corresponds to "what theSis doing," an active
mode, rather than "what is happening to the S," a passive
mode.

The former process is easily interpreted by informa-

t1on theory as the complexity of the task, and can be defined as the amount of information being processed.

There-

fore, both complexity and unpredictability are necessary
parameters of the task to which effort is being allocated.
Here, individual differences in processing ability and
effort can be included in the model. This view suggests
that successful completion of mental activity depends on
both the demands of the external task and the amount of effort that the system can allocate to the task at any given
moment.
The capacity model is directly applicable to situations in which the system must extend

~ffort

to a partic-

ular mental activity while concurrently attending to the
non-specific task of experiencing duration.

Different

mental activities impose different demands upon the system.
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Easy or well-rehearsed tasks require little effort, whereas
difficult or novel tasks require mor.e effort.

Since the

allocation policy is partly determined by the difficulty
of the req 1.lired task and the total limited availability of
effort, the effects of task difficulty will lead to differences in the ability to attend to temporal information, and
theref.ore interfere with duration judgments.
An attention model would therefore regard the experience of duration in passing as a trade-off between the
processing of temporal and non-temporal information.

Just

as performance decrements occur when the organism is required to perform two specific tasks concurrently, the
same decrements should theoretically occur when one specific task and one non-specific task (time estimation) are
required.

The greater thB demand placed on the system by

the specific task, the less effort will be available to
allocate attention to the non-specific estimation task.
With this model, however, the prediction of either underestimation or overestimation cannot be made.

Time esti-

mates would be affected by the competing task, but the
direction of this effort cannot be predicted.

The estima-

tion measure would therefore be the absolute deviation from
the true initial interval.
One way to distinguish between attention allocation
to temporal and non-temporal information would be to use
a Signal Detection Theory methodology by manipulating the
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payoff matrix between accuracy for time estimation and
speed and accuracy of pr-oblem solving.

Such a procedure

could be used for either the method of reproduction or the
method of production.

Specifically, the method of produc-

tion is uniquely tailored to testing the effects of attention on time estimation, since the S is required to generate or produce a given interval while performing some task.
The role of memory with this technique is not as important
as the role of attention.
In the present experiment, the reversal of the predicted estimates for the 2 x 1 Easy and Difficult problems
can possibly be interpreted along the lines of selective
attention, although the design and procedure did not permit a direct test of the attention mechanism.
Given temporal

mark~rs

for the 1 x 1 digit problems,

i.e. solution output, estimation proceeded by matching the
number of problems solved.

While attendin.g to the specific

task of problem solving, the storage of these output items
increased estimation accuracy during reproduction.

There

was no need to attend to the non-specific time estimation
task.

However, the situation was reversed for the 2 x 1

digit problems.

Since the problem difficulty level for the

2 x 1 difficult problems exceeded the limited capacity of
the system, Ss devoted a greater amount of attention to the
direct estimation of time.

The resulting increase in esti-

mation accuracy for this condition was therefore a function
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of a greater amount of_ attention being allocated to -the
non-specific temporal information.
This interpretation is only tentative, however, and
is based on the assumption that temporal information is
different than and independent of non-temporal information.
For the type of analog processing required in solving complex 2 x 1 digit problems, the lack of temporal markers
such as those found in the 1 x 1 digit conditions necessitates an estimation strategy based. on purely temporal
information, rather than the non-temporal information of
the number of problems solved.

In other words, estimations

can be made by matching the discrete number of problems
solved by reproducing the rate of problem output, or by a
less accurate strategy of reproducing an interval filled
with continuous problem solving activity.

In the former

condition, temporal markers are stored and retrieved;
whereas the latter condition stores only vague information
regarding the degree of effort allocated to the mathematical task for some continuous period of time.
The overall findings of these studies suggest that it
is possible to "scale" the difficulty of mathematical problems with an analysis of structural variables and latency
measures.

This scale is predictive of time estimationG for

simple mathematical tasks, and supports Ornstein's (1969)
storage-size hypothesis of experienced duration.

The scale

is not predictive of duration experiences for more complex
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multiplication problems.

The storage-size hypothesis does

not adequately describe the results of time estimation for
intervals in which these more complex problems are being
solved.
An alternative explanation and possible avenue of
future research is to consider the temporal experience as
a function of the degree of attention and effort being
allocated to activity occuring within intervals.
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APPENDIX A
METHOD OF CALCULATION FOR THOMAS'S
(1963) CONSTELLATION VALUES

Thomas proposed a difficulty factor based on "taking
.the logarithm of the sum of numbers which occur in an ex1plicit representation of the calculation" (u. 179).

Ad-

.ditionally, a "constellation" was defined as
Any set of numbers ( n 1 , n 2 . • • n ) [which]
occurs in the course of a calculation and
where the time taken to perform the calculation, relative to others, is proportional to
log (n 1 + n 2 + . . . + n ) this set of numbers-wlll
be called a co¥istellation" (p. 179).
A "long" constellation for the problem 56 x 6 = 336
is determined in the following manner:

5

X

6
30

X

3b

30

___]

~

33
log 77

1.8865

6
6

+
+

log 84

1.9243

Step 1:

Calculate the product of 6 x 6 (36)

Step 2:

Subtract the "tens" digit, 36 -

Step J:

Calculate the product of 6 x 5 (30)

Step 4:
Step 5:

Add the "carry" digit, 30 + 3 (33)
Add all intermediate values (77, 84)

Step 6:

Calculate log values for Step 5

Step 7:

Add the log values from Step 6 (3.8108)

JO (6)
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A "short" constellation for the problem 56 x 6

= 336

!

·is determined in the following manne,r:
X

~

X

[30]
3
33
log 47

1.6721

6
6

[36]
30

-o

log 48

+
+

1.6812

The steps employed in calculating the "short"
·constellation are identical to those for the "long" con.!

· stellation with the exception of the deletion of the inter-

! mediate products,

33, 36.

The information content for the

above Short Q (constellation) is therefore 3.3533.
The above calculations are in log 10 values. The
information content can be transformed to binary units by
multiplying the decimal unit values by a factor of 0.301,

I

to derive the actual information content of the problems.
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APPENDIX B

I

!

i

LIST OF MULTIPLICATION PROBLEMS
· 1 X 1 Easy

L-L

X
X
X
X

2
3
4

h.x

2
3
4
5
2
J
4

5
5
5
5
4
4
4
3
3
3
3
2
2
2
2

. H-L

Q
.;

9
9
9
8
8
8
8
7
7
7
7
6
6
6
6

X
X
X
X
X
X
X
X
X
X
X

L-H

4
4
4
4
3
3
3
3
2
2
2
2

5
2
3
4

5
2
3
4

X
X
X
X

2
3
4

X
X
X
X

2
J

5

5

4
5
2
J

4

5

5

5
5
5

5

X
X
X
X

X
X
X
X

1 X 1 Hard

H-H

9
9
9
9
8
8
8
8
7
7
7
7
6
6
6
6

X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X

6
7
8
9
6
7
8
9
6
7
8
9
6
7
8
9

HL-L

6
7
8
9
6

LH-L

7

8
9
6
7

X
X
X 8
X 9
X
X
X
X

2 x 1 Easy

6
7

8

9

95

94
93
92

85

84
83
82
7'5
74
73
72

X
X
X
X

2
3
4

X
X
X
X

3
4

X
X
X
X

I

2 X 1

HL-H

ii
i
Hard

95

X 9
X 8
X 7
X 6

85

X
X
X
X

75

2
3

74
73
72

X
X
X
X

5

65

64
63
62

X
X
X 8
X 7

59
58
57
56

X
X
X
X

49
48
47
46
39
38
37
36
29
28
27
26

X
X
X
X

94
93
92

5

84
83
82

5

2
4

5

65

64
63
62

X
X
X
X

59
58
57
56

X
X
X
X

4
3
2

49
48
47
46
39
38
37
36
29
28
27
26

X
X
X
X

3
2

2
3
4

5

5

4
2

X
X
X
X

4
3

X
X
X
X

4
3
2

5

5

LH-H

X
X
X
X
X
X
X
X

8 l
7 !
6 ~
9
7
6
9
8
6
9 .

9
6
7
6
8
9
6
7
7
8
9
8
6
7
8
9

1

i
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APPENDIX C
Analysis of Variance on Solution Latencies
for Effects of Problem Level and Solution
Type for 1 x 1 Digit Problems

ss

df

3.467

5

Problem Level (P)

0.447

3

0.149

9.80

<.01

Solution Type ( S)

0.231

2

0.116

15.18

<.01

p X S

0.236

6

0.039

4.95

<.01

Error p

0.228

15

0.015

s

0.076

10

0.008

0.239

30

0.008

4.925

71

Source
Subjects

Error

Error P
Total

X

S

MS

F
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APPENDIX C
Analysis of Variance on Solution Latencies
for Effects of Problem Level and Solution
Type for 2 x 1 Digit Problems

ss

df

39.699

5

Problem Level (P)

24.237

3

8.079

16.79

<.01

Solution Type ( S)

o.435

2

0.218

2.29

ns

p X S

1.416

6

0.236

4.97

<. 01

Error p

7.217

15

0.481

s

0.950

10

0 095 .

1.423

30

0.047

75·377

71

Source
Subjects

Error

Error p
Total

X

S

MS

0

F
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APPENDIX D
INSTRUCTIONS TO SUBJECTS FOR, EXPERIMENT 2

'

I

The following instructions were read to Ss in all
~

i

fou~

conditions:
"The name of this experiment is 'The effects of task

!

difficulty while estimating temporal intervals. ' . The task

;we will be using today is mental multiplication.

The ap-

;paratus in front of you is a tachistoscope, and it is used
i to control the presentation of the problems you will be

. doing.

I

1

The general procedure that we will be following

will be for me to give you cards like this one(~ showed a
sample card to S), which you will be viewing in the tachis-:
toscope.

Begin working the problems in your head, and

; when you solve each one, call out the answer to me.
!

Start

at the top left of the card and work down the first column.:

:After you solve the last. problem in the column, go to the
. next column, and work down (~ demonstrated the problem
order to _§) •
1
I

'
i

Work as rapidly as possible, but also try to

be as accurate as possible.

Don't worry if you can't do

all the problems during the time given, you are not ex-

' pected to.

After a length of time, the light will go off

in the tachistoscope, and another light will come on
showing you a card with an

1S;

on it.

The onset of this

light will begin your estimation interval, and will also
'start a clock to record your estimate.

Your job will be

to keep this light on for a period of time that you judge

10.3

-·-··------~~~

I

to be equal to the time you just spent doing the mental
·arithmetic.

When you think that the time is the same,

just press this button (E pointed to a switch) and the
•light will go off, as will the recording clock.

It is

most convenient if you hold the button in your hand during
:the entire experiment.
1

Remember, your job during the time

that you see the second card with the X on it is to keep

' the light on for a period of time you judge to be .equal to
·the time you spent doing the multiplication:problems.
Don't press the button until you think the intervals are
• equal.

Do you have any questions so far?"

At this time,

~

answered any questions about the

·above procedure, and repeated the instructions if necessary.

E then instructed

~s

in the following manner:

"We will run through the procedure without any prob. lems to give you a feeling for the apparatus and procedure .
. If you have any questions during this time, feel free to
'ask.them during the trial run."
A 10 sec. interval was then presented during which
'time E informed Ss about the series of light being pre!

sented in the tachistoscope.

After the ·practice interval,

!E answered any questions regarding the procedure.

The

following instructions were then read regarding the procedure to be followed during the experiment:
"We will now run through several trials following the
same procedure that we just practiced.

The first interval

i

104

will contain no problems, but I would like you to estimate !
'how long the first light was on by ~eeping the second lighti

l

on for an equal amount of time."
The empty interval was presented, after which the
following instructions were read:
"We are now ready to begin solving the problems during

i
'

'the intervals.

After each estimation trial, you can look

:up from the apparatus, as I have to record your estimate,
put in a new set of cards, and reset the timer.
cedure will be exactly the same as before.

The pro-

Do you have

;any final question before we begin?
Questions· were answered at this point, and the first
trial was initiated.

